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Spring-mass-damper (SMD) System

 要對系統進行量化分析，為系統建立

數學模型為首要之務

4

Equation of motion (EoM)

and represent EoMOr, set ݒ = ሶݔ

෍ܨ௫ = ሷ݂ݔ	݉ − ሶݔܿ − ݔ݇ = ሷݔሷ݉ݔ݉ + ሶݔܿ + ݔ݇ = ݂
ሶݒ݉ + ݒܿ + ݇න ௧ݐ݀ݒ

଴ = ݂
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RLC Circuit

5

resistor

capacitor

inductor

Kirchhoff’s law

“Force-current analogy”

݅ଵ + ݅ଶ + ݅ଷ = ݅
ሶݒܿ + 1ܴ ݒ + නܮ1 ௧ݐ݀ݒ

଴ = ݅

݅
݅ଶ ݅ଷ ݅ଵ

݅ = 1ܴ ଶଵݒ
݅ = ܥ ଶଵݒݐଶଵ݀ݒ݀ = ܮ ݐ݀݅݀ ሶݒ݉ + ݒܿ + ݇න ௧ݐ݀ݒ

଴ = ݂
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Governing Differential Equations -1
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Governing Differential Equations -2
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 Linear system需滿足superposition和homogeneity

 系統多為非線性（nonlinear），但在小幅度操作區段內

可視為線性（linear）

關於

10

Additivity Scale ruleݔଵ(ݐ) → (ݐ)ଶݔ(ݐ)ଵݕ → (ݐ)ଶݕ
ଵݔ ݐ + (ݐ)ଶݔ → (ݐ)ଵݕ (ݐ)ଶݕ+

(ݐ)ଵݔ → (ݐ)ଵݕ
(ݐ)ଵݔߚ → (ݐ)ଵݕߚ

ଵݔܽ ݐ + (ݐ)ଶݔܾ → (ݐ)ଵݕܽ (ݐ)ଶݕܾ+
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系統

 系統本身nonlinear

 但若僅考慮small perturbation，則為linear

11

ଵݕ ݐ = ଵݔܽ ݐ + ଶݕ	ܾ ݐ = ଶݔܽ ݐ + ܾ	 ଵݕ ݐ + ଶݕ ݐ = ܽ ଵݔ ݐ + ଶݔ ݐ + 2ܾ≠ ܽ ଵݔ ݐ + ଶݔ ݐ + ܾ
ݔ ݐ = ∗ݔ + ݕ(ݐ)ݔ∆ ݐ = ∗ݕ + (ݐ)ݕ∆ ∗ݕ = ∗ݔܽ + ܾ ݐ݊݅݋݌	݉ݑ݅ݎܾ݈݅݅ݑݍ݁

∗ݕ + ݕ∆ ݐ = ܽ ∗ݔ + ∆x ݐ + ݕ∆ܾ ݐ = (ݐ)ݔ∆ܽ
Linear!
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 利用Taylor series expansion

建立非線性方程式的線性模型

12

ݕ = ݃ ݔ = ෍ܽ௡ ݔ − ଴ݔ ௡ஶ
௡ୀ଴

:଴ݔ ଴ݕݐ݊݅݋݌	݃݊݅ݐܽݎ݁݌݋ = ଴ܽ＝(଴ݔ)݃
ܽ௡ = 1݊! ݃ ௡ ݔ ቚ௫ୀ௫బ

| → ݄݄݅݃ − ݕ！忽略	ݏ݉ݎ݁ݐ	ݎ݁݀ݎ݋ − ଴ݕ = ݔ݀݃݀ ቚ௫ୀ௫బ ݔ) − ݕ∆(଴ݔ = ݔ݀݃݀ ቚ௫ୀ௫బ ݔ∆

଴ݕ
଴ݔ

ݔ݀݃݀ |௫ୀ௫బ
ݔ

ݕ

ݕ = ܽ଴ + ܽଵ ݔ − ଴ݔ + ܽଶ ݔ − ଴ݔ ଶ + ⋯	
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

Example: Nonlinear Spring

13

ܨ = ଶݔ݇ ݔ	ݐ݊݅݋݌	݃݊݅ݐܽݎ݁݌݋ = 1ܽ଴ = ݇ ܽଵ = ݔ2݇ ቚ௫ୀଵ = 2݇ ܽଶ = 12 2݇ ቚ௫ୀଵ = ݇
ܨ = ݇ + 2݇ ݔ − 1 + ݇ ݔ − 1 ଶ

(1) (2) ݏ݉ݎ݁ݐ	ݎ݈ܽ݁݊݅(3) ← "ݎ݋ݎݎ݁"					|

P. S.上述݊݋݅ݐܾܽݎݑݐݎݑ݌的方式，也可視為轉換座標來看ܨᇱ = ܨ − ᇱݔ݇ = ݔ − 1

ܨ − ݇ = ݔ)2݇ − 1)
ᇱܨ = ᇱݔ2݇

ܨ∆ = ݔ∆2݇
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Laplace Transform定義與特性

 Laplace transform

 Inverse Laplace transform

 P.S. s可視為differential operator

 僅適用於linear system

 Function f(t)需滿足下方條件始可視為transformable

16

ℒ (ݐ)݂ = ܨ ݏ = න ஶ(ݐ)݂
଴ష ݁ି௦௧݀ݐ

ݏ ≡ ݐ݀݀ ݏ1								 ≡ න ௧ݐ݀
଴ష

ℒିଵ (ݏ)ܨ = ݂ ݐ = න݆ߨ12 ఙା௝ஶ(ݏ)ܨ
ఙି௝ஶ ݁௦௧݀ݏ

׬ ஶ଴ష(ݐ)݂ ݁ିఙభ௧݀ݐ < ∞ for some real positive ߪଵ
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Laplace Transform Pairs -1

17

課堂中常用到： ℒ ݂ሶ(ݐ) = ܨݏ ݏ − ݂ 0ିℒ ሷ݂(ݐ) = ܨଶݏ ݏ − ݂ݏ 0ି − ݂′(0ି)
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Laplace Transform Pairs -2

18
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以Laplace Transformation解ODE

 不需分兩次運算，可同時處理

homogeneous solution和particular solution

 將differential轉換到algebraic下處理

19

Differential equations
(time domain)

Algebraic equations
(s domain)

Solution
(time domain)

Solution

L L-1

State-space方法

工數課程所教其他方法等
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Example: SMD System - 1

ሷݔ݉ + ሶݔܿ + ݔ݇ = ݔ			݂ 0ି = ሶݔ		଴ݔ 0ି = ଴ሶݔ

20

L݉ (ݏ)ଶܺݏ − ଴ݔݏ − ଴ሶݔ + ܿ ܺݏ ݏ − ଴ݔ + ݇ܺ ݏ = (ݏ)ܨ
ܺ ݏ = ݏ݉ + ܿ ଴ݔ + ଶݏ଴ሶ݉ݔ݉ + ݏܿ + ݇ + ଶݏ݉(ݏ)ܨ + ݏܿ + ݇

௡߱ߦ2		ݐ݁ݏ = ܿ݉ 		߱௡	ଶ = ݇݉ 		 (ݏ)ܺ = ݏ + ௡߱ߦ2 ଴ݔ + ଴ሶݔ + ଶݏ݉(ݏ)ܨ + ݏ௡߱ߦ2 + ߱௡	ଶ :ߦ	 :௡߱		݋݅ݐܽݎ	݃݊݅݌݉ܽ݀	 ݕܿ݊݁ݑݍ݁ݎ݂	݈ܽݎݑݐܽ݊
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= ݇ଵݏ + 1 + ݇ଶݏ + 3 + ( ݇ଷݏ + 1 + ݇ସݏ + 3 + ݇ହݏ )

Example: SMD System - 2

ܺ ݏ = ݏ + ଶݏ4 + ݏ4 + 3 + ଶݏݏ2 + ݏ4 + 3

21

L

針對左側݇ଵ = ݏ + ݏ)4 + ݏ)(1 + 3) ݏ + 1 |௦ୀିଵ = 32݇ଶ = ݏ + ݏ)4 + ݏ)(1 + 3) ݏ + 3 |௦ୀିଷ = −12

Assume ݉ = 1		ܿ = 4		݇ = 3						݂ ݐ = ሷݔ(ݐݑ݌݊݅	݌݁ݐݏ)	2 + ሶݔ4 + ݔ3 = 2
解法：

以等式求係數

Heaviside’s Formula

଴ݔ = ሶ଴ݔ		1 = 0
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Example: SMD System - 3

針對右側，同理

22

Note: 
from ݉ݔሷ + ሶݔܿ + ݔ݇ = ݂
in steady state →	ݔሷ = ሶݔ		0 = 0

݇ଷ = ݏ)ݏ2 + ݏ)(1 + 3) ݏ + 1 |௦ୀିଵ = −1

݇ଵ ݇ଶ terms
Transient response 

due to I.C.

݇ଷ ݇ସ terms
Transient response 

due to f

݇ହ term
Steady response 

due to f

ݔ t = 32 ݁ି௧ − 12 ݁ିଷ௧ + −݁ି௧ + 13 ݁ିଷ௧ + 23
݇ସ = ଵଷ ݇ହ = ଶଷ

L-1

ݔ = ݂݇ = 	23		
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想一下

 若SMD系統是垂直放置的，有受到重力的影響，EoM和系

統的靜態動態狀態會有什麼變化？

 假設SMD example中其他參數的數值保持不變，僅將݇ = 4
或݇ = 5，系統的解有什麼變化？

23
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一些Terminologies

接前頁

			ܺ ݏ = ௣(௦)௤(௦)			ݍ ݏ = 0 characteristic equation			ݏ|௤ ௦ ୀ଴ poles of the system			ݏ|௣ ௦ ୀ଴ zeros of the system

24

-1-3-4

jω

σ

s-plane

Ex: ௦ାସ௦మାସ௦ାଷ
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兩個定理

 Initial value theorem

 Final value theorem

25

ା ௦→ஶ
௧→ஶ ௦→଴

ܺ ݏ = ଶݏ + ݏ4 + ଶݏ)ݏ 2 + ݏ4 + 3)lim௧→ஶݔ ݐ = lim௦→଴ ܺݏ ݏ = 23

ܨ ݏ : ݉ܫ	݊݋	݈݁݋݌	݋݊ − ݏ	ݐܽ	݈݁݋݌	݈݁݌݉݅ݏ	ܽ	݁ݒ݄ܽ	݊ܽܿܲܪܴ	ݎ݋	ݏ݅ݔܽ = 0ܲ. ܵ. 				ܵ − ܯ − ݉݁ݐݏݕݏ	ܦ
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Transfer Function

 定義

 特性

 僅適用於linear和stationary（constant parameters）的系統

 僅表達系統input和output之間的關係（注意在Laplace的轉換過程中

，I.C.s都要設定為0），不似state-space的表達法，也包含系統內

部的組成方式（在第三章有進一步的說明）

28

ܶ. =.ܨ ܩ ݏ = 	L {ݐݑ݌ݐݑ݋}
L {݅݊ݐݑ݌} = ܻܺ

X Y

	݊݋݅ݐ݅݀݊݋ܿ	݈ܽ݅ݐ݅݊݅	݄ݐ݅ݓ .ܫ .ܥ = 0
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Examples -1

 Differentiator

 Integrator

29

ݐݑ݌݊݅ = ݐݑ݌ݐݑ݋ݔ = ݕ = ሶݔ ܩ ݏ = 	L {ݐݑ݌ݐݑ݋}
L {݅݊ݐݑ݌} = sXX = s

ݐݑ݌݊݅ = ݐݑ݌ݐݑ݋ሶ ݔ = ݕ = ݔ ܩ ݏ = 	L {ݐݑ݌ݐݑ݋}
L {݅݊ݐݑ݌} = XݏX = ݏ1

GX Y
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Examples -2

 Spring-mass-damper system

 RC circuit

30

ሷݔ݉ + ሶݔܿ + ݔ݇ = ݐݑ݌݂݊݅ = ݐݑ݌ݐݑ݋݂ = ݔ ܩ = ܺ (ݏ)ܨݏ = ଶݏ1݉ + ݏܿ + "ݏ݈݁݋݌	݋ݓݐ"݇
ݐݑ݌݊݅ = ݐݑ݌ݐݑ݋ଵݒ = ݒଶݒ = ܴ݅	 → ܸ = ݅ܫܴ = ܥ ݐ݀ݒ݀ → ܸ = ݏܥ1 ܫ ܩ = ଶܸܸଵ = ܴݏܥ1 + ݏܥ1 = ݏܥ1ܴ + 1߬ = ܥܴ = ݁݉݅ݐ ݐ݊ܽݐݏ݊݋ܿ
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Example -3

 OP-amp Golden rules

 OP inverting amplifier

31

1 					݅ଵ = ݅ଶ = 02 ଵݒ					 = ଶݒ
݅ = ௜௡ݒ − 0ܴଵݒ଴ = 0 − ܴଶ݅ = −ܴଶܴଵ ܩ௜௡ݒ = ଴ܸ௜ܸ௡ = −ܴଶܴଵ

݅ ݅
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Transfer Functions of OP Circuits -1

32
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Transfer Functions of OP Circuits -2

33
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Block Diagram

 Transfer function

 Block diagram: Representing the relationship of system 

variables by diagrammatic means 

36

X(S) Y(s)=G(s)X(s)
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Block Diagram Transformations -1

37

ܺଷ = ଶܺଶܩ = ଵܩ)ଶܩ ଵܺ)= ଵܩଶܩ ଵܺ= ଶܩଵܩ ଵܺ
ܺଷ = )	ܩ ଵܺ ± ܺଶ)= ܩ ଵܺ ± ଶܺܩ
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Block Diagram Transformations -2

38

見下頁
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Closed-loop Transfer Function

39

G(s)＝Gc(s)Ga(s)Gp(s)

Gp(s)

ܻ = ௔ܧܩ = ܩ ܴ ± ܤ = ܩ ܴ ± ܻܪ = ܴܩ ± 1ܻܪܩ ∓ ܪܩ ܻ = ܴܻܴܩ = 1ܩ ∓ ܪܩ

+
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Block Diagram Reduction -1

40
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Block Diagram Reduction -2

41
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Example: Armature-controlled DC Motor -1

 Mechanical

 Electrical

or magnet

or magnet߬ = ሷߠܬ + =ሶߠܾ ܬ ሶ߱ + ܾ߱
Lܶ = ଶݏΘܬ + ܾΘݏ= ݏܹܬ + ܾܹ

௔ݒ = ܴ݅ + ܮ ݐ݀݅݀ + ݇௕߱
LV௔ = ܫܴ + ݏܫܮ + ݇௕ܹ(ݏ)ܫ = ௔ܸ ݏ − ݇௕ܹ(s) ܴ + ݏܮ

߬ = ݇௠݅
Motor constant

Back emf ܶ = ݇௠ܫ			= ݇௠ ௔ܸ − ݇௕ܹܴ + ݏܮ
42

௔ݒ

L
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Example: Armature-controlled DC Motor -2

43

ܩ = Θܸ௔ = ݏ1 ݇௠ܴ + ݏܮ ݏܬ + ܾ + ݇௕݇௠
Note:       power:     mechanical                       electrical߬ · ߱ = ݇௠݅ ߱ = ݇௕߱ ݅݇௠ = ݇௕

1ܴ + ݏܮ ݇௠
௕

+

-

௔ܸ ܫ ݏܬ1 + ܾ ܶݏ1 ܹ Θ

	:ݐ݅݊ݑ ܰ − ܣ݉ 		 ( ݀ܽݎܸ · (ݏ

MechanicalElectrical
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Transfer Function of Dynamic Components

44

P.S. 課本上還有其他案例
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Signal-flow Graph定義 -1

 A graphical representation of a set of 

linear relations which can derive gain (i.e., 

T.F.) without any reduction procedure

 Definition

 Node: input/output point or junction

 Branch: Relating the dependency of an input 

and an output

47

G(s)X YBlock diagram Signal-flow graphG(s) YX
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 Path: a branch or a continuous sequence of branches; no node is 

met more than once (ex: from X to Y, from R to Y)

 Loop: a closed path; no node is met more than once (ex: from E to 

Y to E)

 Nontouching: two loops do not have common nodes     

Signal-flow Graph定義 -2

48

Block diagram Signal-flow graphG(s)
H(s)

+-R YE R E Y
-H “path”

“loop” E=1‧R-H‧Y

NOT a loop

“loop”

“loop”
“touching”

1
“nontouching”

“loop”

“loop”

G1
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Mason’s Formula

 T.F.	=
 Pijk =	kth path form variable xi to variable yj
 ∆ =	determinant of the graph

 ∆	ijk=	cofactor of the path Pijk

49

௜ܶ௝ = ∑ ௜ܲ௝௞∆௜௝௞௞ ∆

= 1 −෍ܮ௡ே
௡ୀଵ + ෍ ௚ெ,ణܮ௠ܮ

௠ୀଵ,௚ୀଵ −෍ܮ௥ܮ௦ܮ௧ + ⋯
“nontouching” “nontouching”	= ∆ − any	term	touching	k୲୦	pathܮ௫: ݌݋݋݈	
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Example

 Revisit BD reduction problem

50

R ଵܩ ଶܩ
ଶܪ−

ଷܩ ସܩ
ଷܪ− ଵܪ

11 Y
ோܲ௒ଵ = ଵ݌ = =∆ସܩଷܩଶܩଵܩ 1 − ଵܪସܩଷܩ − ଶܪଷܩଶܩ − =ଷ∆ோ௒ଵܪସܩଷܩଶܩଵܩ 1
ோܶ௒ = ோܲ௒ଵ∆ோ௒ଵ∆ = ସ1ܩଷܩଶܩଵܩ − ଵܪସܩଷܩ − ଶܪଷܩଶܩ + ଷܪସܩଷܩଶܩଵܩ

"all	touching"
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Example

51

R ଵܩ ଶܩ
ଶܪ

ଷܩ
ଷܪ

ସܩ
଺ܩ 1 ଻ܩ ହܩ଼ܩ

଺ܪ଻ܪ

ଶܩ
ଶܪ ++ଷܪଷܩ ++ “touching”

“nontouching”

଺ܪ଺ܩ
++++଻ܪ଻ܩ

Method 1 上下path分開，並聯處理ܶ = ଵܩ ଷܩଶܩ · 11 − ଵܮ − ଶܮ ସܩ + ହܩ ଺1ܩ − ଷܮ · 1 · ଻1ܩ − ସܮ ଼ܩ = ⋯
= ଻1ܩ଺ܩ − ଷܮ − ସܮ − ସMethod 2 整個一起看ܶܮଷܮ = ସܩଷܩଶܩଵܩ 1 − ଷܮ − ସܮ + ସܮଷܮ + ଼ܩ଻ܩ଺ܩହܩ 1 − ଵܮ − ଶ1ܮ − ଵܮ + ଶܮ + ଷܮ + ସܮ + ଷܮଵܮ + ସܮଵܮ + ଷܮଶܮ + ସܮଶܮ + ସܮଷܮ − ସܮଷܮଵܮ + ସܮଷܮଶܮ

Y
ଵܮ ଶܮ

ଷܮ ସܮ
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Matlab – 以SMD系統為例

 建立Transfer function

 方法一

 方法二

 系統找poles和zeros

 系統並聯、串聯、回授、step response

52

>>sys=tf(1,[1 4 3]);

>>s=tf(‘s’); sys2=1/(s^2+4*s+3)

>>pole(sys)
>>zero(sys)

>>[p,z]=pzmap(sys)

P.S. 下列方法也可找poles
>>den=[1 4 3]
>>roots(den)

>>parallel(sys1,sys2)
>>series(sys1,sys2)
>>feedback(G,H,-1)
>>step(sys)

P.S. 對Matlab指令使用方式有疑
問可用help功能

Ex. >>help feedback

ܩ ݏ = ଶݏ1 + ݏ4 + 3
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Matlab練習

 以ppt和課本Section 2.8所教指令，建立

Armature-controlled DC motor 例題中各個

block，並以「Matlab指令」計算出整個馬

達「由電壓v到轉速w」的transfer function

G(s)

53

 上網查詢小馬達的規格表，帶入馬達參數，給馬達供給定電

壓，觀察馬達轉速的反應(step response)

1ܴ + ݏܮ ݇௠
௕

+

-

௔ܸ ܫ ݏܬ1 + ܾ ܶݏ1 ܹ Θ
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終

 Questions?


