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* Spring-mass-damper (SMD) System

0 B AREFEM A

S R B2 A

L > x(1)
AT s S0
c

-

Frictionless surface

Free body diagram

— x(2)

kx «—
cX +—

m

> /()

v 2, st s34
= 2 3 ~
=N SUIE T

Equation of motion (EoM)

Zszma'c'

f—cx —kx =mi

my) mitcxt+kx=f

Or, set ¥ =X  and represent EoM

t

m1’7+cv+kadt=f
0

-




"  RLC Circuit
|

l1+l2+l3=l

' |
L
I--(T) l i2 l i3 +
Current C‘D R L g
source o _
Kirchhoff’s law
. R i 1
resistor  wo AN >0 I=5V2 1
i € d R
capacitor wo > |- o ;o 4P
dt
i L z di
inductor ., .~~~ Lo., vy = Lo

1 t
> cv+—v+zj vdt = i
0

t

m1’7+cv+kfvdt=f

0

“Force-current analogy”

e

Table 2.2 Summary of Governing Differential Equations for Ideal Elements

Governing Differential Equations -1

Type of Physical Governing Energy E or
Element Element Equation Power % Symbol
di 1 L -
¢ Electrical inductance Vg = LE Bi= ELEZ ) O_P(mi_o v
1 dF 1 F? E 5
i i = ey —— 1
Translational spring Vs © dr E >k e Y T Ag o F
Inductive storage ¢
, , _1dT 17t k o
Rotational spring = “ 3% Wy oYY Y oy T
i oo d 1 1
\ Fluid inertia Py = Id—? B = 5192 P, et P,




* Governing Differential Equations -2

¢ Electrical capacitance
Translational mass

Capacitive storage  §  Rotational mass

Fluid capacitance

\  Thermal capacitance

¢ Electrical resistance

Translational damper

Energy dissipators ¢ Rotational damper

Fluid resistance

\. Thermal resistance

dvzl
- dt
F= Mdl)2
- dt
d(x)g
T=J—1
dt
dP,,
— = =
0=
_dT,
g = Tt
I l’U
R 21
F= b’U;}_]
T = ba)21
o= P
= Rf 21
e
q R 21

1
E = 5C’U21
1 2
E = EM'U:)J
1 2
E = 2]0)2
1
E = ECI'P21
E=cf
1
}3 = —m
R“Lm
P = b'Uzl
J)D = beIZ
1
=Py
Rf 21
> |
P = —
R.r 21

Uy Uy
F—so—{u—, _

Uy

constant
oI,
constant
o 2 o P,
s
g~ G—
T, T
constant
R i
Uy —AAA——0 7,

4 Y2 :|| b 5
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w v

|
o <% 52 (nonlinear) » & & tEREEITREP

v AL & (linear)

o Linear system % & &_superpositionf-homogeneity

_— |

Additivity Scale rule

x1(t) = y1(t) o
Xo(t) = y,(t) x1(t) = y1(t)

3 4

x1(t) + x(t) = y1(t) +y2(t) Bx1(t) = By.(t)

= ax;(t) + bxy(t) = ay; (t) +by,(t)

10 i‘




* N y=ax+b
!

o % ¥LA £ nonlinear

y1(6) = ax;(t) + b
y2(t) = axy(t) + b

0 1)+ y2(8) = a(xg (8) + 2, (D) + 2b
+ a(xl(t) + xz(t)) +b
o 2% %4 gsmall perturbation - B % linear

x(t) = x* + Ax(t) y* =ax*+b equilibrium point
y(®) =y* + Ay(0)
y*+ Ay(t) = a(x* + Ax(t)) +b

= Ay(t) = abx(t)

Linear!

11 “

* e et (Al AR gL LR Bl
|
o 4] * Taylor series expansion

o
A
y=g() =) an(x—x)" ;
X
n=0
1 49,
a, =—g™(x) | dx '*=ro
n! X=Xg
Yo ==="7777
X0+ Operating pOiTlt : Equilibrium
| /
Vo = g(xo) =a, | (operating point)
| > X
y = ag + a;(x — xp) +erbe—xp)t+—— %o
| = high — order terms £ % |
I o)
— Vo = — X—X
Y=o dx X=X 0

dg
ﬁ> Ay = — A ‘
y dx x=X0 * 5
1 k




‘ Example: Nonlinear Spring
|

o F = kx? operating point x = 1

1
ap =k a1=2kx| = 2k a2=§2k|x=1=k

x=1

F=k+2k(x—1)+k(x—1)2 AF /
(

1 @ (3) f

linear terms < | "error" F /3)
F—k=2k(x—1) ) @
X
m) AF = 2kAx __ L) o i

1 X
P.S. I it purturbationih™ 3% > » ¥ AL L i AR kg
F'=F—k

F' = 2kx’
x' =x—1 =
13 -
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2.2 Differential equations of physical systems
2.3 Linear approximation of physical systems
2.4 The Laplace transform

2.5 The transfer function of linear systems
2.6 Block diagram models

2.7 Signal-flow graph models

"

Laplace Transform z_% 22 34

1
Q

a

Q

a

Laplace transform

(00)

LIFO]=F(@s)=| f®)e tdt
-
Inverse Laplace transform

L7YUF()] = f() = iJH]'OOF(S) eStds
B B 2Tj o= joo

P.S. s¥ 4k : differential operator

d 1_jtdt
> dt s ).

W :§ * >tlinear system

Function f(t) Z /& &_T = % £ 4~7 4R 7 transformable

J-If ()] e~1tdt < oo for some real positive o




Laplace Transform Pairs -1

Table 2.3 Important Laplace Transform Pairs
f(t) F(s)
1
Step function, u(r) p
e*a.t 1
8 i
i (0]
sin wt ER
X s
Ccos wl m
a n!
r S.n+]
df(t
R = % s*F(s) — s*7f(07) — & 7%(0)
t

T A (1)

L[f @®)]
LIf )]

sF(s)—£(07)
s?F(s) —sf(07) — f'(07)

i # 34 ME3007-01 Chap 2 - ki % 17
Laplace Transform Pairs -2
t F(S) l 0
f(t) d B + S f(t)dr
[m-pulse function &(r) 1 -
e “sin wf %
(s+a)+w
e cos ot %
(s +a) +w
j 2112 at s+
w[(a a)” + o] e “sin(wt + @), Tk G 4
= gl @
¢ = tan m———
2
Wn —{w,t o1 _ 2 —w"
me sinw, V1 —L <1 I —
. + L e sin(wt — ) M. S
B wt aLE LR ’ s[(s + a)* + ]
= gl @
¢ = tan ¥
1— - e eyt sin(w Vi1 - 2+ d)) ©h
4~ " i 5(s% + 2fw,s + ol)
d=cos i i<1
o L(afa)erwz T s+ a
e w|: P+ o BT sl #). S[(s + a) + o]
e ML B
¢ = tan p— tan " —
18

i # 241 ME3007-01 Chap 2 - it %




‘ 1 Laplace Transformationf#ODE
1

0 A EAAXEFE Ve FEEID

homogeneous solution{frparticular solution

o -differential# 4% 7] algebraic™ a2

Differential equations L  Algebraic equations L1 Solution
(time domain) — (s domain) = (time domain)
Solution State-space ;=

1 AR B 2 8

19 l‘

‘ Example: SMD System - 1
1

k — x(1) mi+cx+kx=f

Y om0 x(07) = x, %(07) = x,

c \ 15

Frictionless surface

m(s2X(s) — sxy — %) + c(sX(s) — xg) + kX(s) = F(s)

(ms + c)xy + mx, F(s)
m X(s) =
ms?+cs+k ms?+cs+k
set 2¢w "~ w2 ‘ F(s)
Tm T m (s + 28wy)xg + Xy +
¢ damping ratio X(s) = 5 m
wy: natural frequency $% + 28 wys + wy,

20 ‘-‘




* Example: SMD System - 2
|

Assumem=1c=4 k=3 f(t) =2 (step input)
x0=1 x():O

X+ 4x + 3x =2

|- |
______________ 2 JESE
Cos+4 T g DESES
X(s) =3 T2 Heaviside’s Formul
is2+4s+3 1 s2+4s+3 eaviside’s Formula
| | I
(kg ky \! k3 ky ks
= + + + +—=
;<5+1 S+3>: (S+1 s+ 3 S)
L e J
&%+ = 1B
I — s+4 (s+1) - 3
L= G+ D)(s+3) " ls=-1=73

s+ 4

1
= T DG T3) (s +3ls=-3= =3 ) .‘

* Example: SMD System - 3

TR PR

K3

_ — _1 _Z
_S(S+1)(S+3)(S+1)|S=_1_ L k=3 ks=3

L 3 1 1 2
> x(t) = (—e‘t — Ee‘“) + (—e‘t +-e 30+ —>

2 3 3
AN /
| \ / \_’_/
ky k, terms ks k, terms ks term
Transient response Transient response Steady response
due to I.C. duetof duetof
Note:
frommi+cx +kx=f f
in steady state - ¥ =0 x =0 C>X=E=

2
3
22 h‘




k > x(2)
AT s S
=

Frictionless surface

52k SMD example® # @ %k
fag PR ?

k=55 %%

- i Terminologies

Y
=

X(s) = %
q(s) = 0 characteristic equation ~
jw s-plane

Slgs)=0  Poles of the system

Slps)=0 ~ zeros of the system
- X—X >
-4 -3 -1 0]

_ _ S+4
Ex: X(s) = s24+45+3

P




M s
|
a Initial value theorem

F(0*) = lim SF(s)

o Final value theorem

. RT F(s):no pole on Im — axis or RHP
,}l_,r?o f(t) — }91_{1(1) SF (S) can have a simple pole at s = 0

P.S. §S—M — D system

s2+4s+2

X(s) = s(s?+4s +3)

tll_)rg) x(t) = £1_r)ré sX(s) = 3

-8
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= |

* Transfer Function
!

0 T
L {output} Y
rE=G6)= et
L {input} X withinitial condition (I.C.) =0
Zlinputl —> G(S) —> Z[output]
X Y
o Fit

o ¥:ig * »tlinear{rstationary (constant parameters) 3% s
o W& X inputfroutputz ekl 7 (UL R hlaplace e 3% iE 42 ¢

1.C.s3R& K T 5 0) - 7 iustate-spacerind ifiz » » & 3 % JLp

-8

FRepfe 238 (A% = F 7 8- H P )




dt

Cs

‘ Examples -1
1
X— G —Y
o Differentiator
input = x G(s) L {output} sX
output =y = X > L {input} X
o Integrator
input = x G(s) L {output} X 1
output =y = x > L {input} sX s
29 L ‘
‘ Examples -2
|
o Spring-mass-damper system
mi+cx+kx=f > x(1)
input = f :X(S) _ 1 m -, f(1)
output = x F(s) ms?4cs+k \
"two poles” -
Frictionless surface
o RC circuit
+o AVAVAY 0+
input = vy cCT~
output = v, —° T °”
1
v=Ri >V =RI V2 _Ts
~ dv 1 Vi pol RCs+1
i=C—->V=—rI T s

T = RC = time constant
30 k ‘




Example -3

Y

o OP-amp Golden rules

(1) ll = 1'2 = O Inverting :'_’| — ~ io
— input node + Noninverting Output node
(2) V1 =1y vy inputnode —_5‘ p .
5 S = . 5
==
o OP inverting amplifier B
. Vin— 0 .
[ = —— l R,
R4 A\
2 R ; » | i1=0
UO =0—Rzl=—R—Um + U) >—>—2
1 Uin Us U
[ G = VO B _& o o
Vin R4 -

* Transfer Functions of OP Circuits -1
!

Table 2.5 Transfer Functions of Dynamic Elements and Networks

Element or System Gi(s)
1. Integrating circuit, filter
C
|(
AN
R
AN b . Va(s) _ 1
Vi(s) 5 Vi(s) Vl(S) RCs
o o—
2. Differentiating circuit
&
. ) s
* 2(S) = —RCs
} Vi(s)

o] ==

32 L‘




* Transfer Functions of OP Circuits -2

1
3. Diflerentiating circuil
R, R,
—AAA—
+°—'% . Vi(s) _ Ry(RCs + 1)
ey © ' o Vi(s) R,

im Vz(S‘) _ (RlCls + 1)(R2CQS + 1)
S E Vi(s) R\Cys

(continued)
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-5

* Block Diagram
1

o Transfer function

Llinput] —> G(S) —> Z[output]

X(S) Y(s)=G(s)X(s)

o Block diagram: Representing the relationship of system

variables by diagrammatic means

Desired output Error Actual
! Controller Actuator Process B
response output

A

) A

Sensor |«
Measurement output Feedback

-8




‘ Block Diagram Transformations -1

Table 2.6 Block Diagram Transformations

Transformation

1. Combining blocks in cascade

2. Moving a summing point
behind a block

Original Diagram

X3 = GX; = Gz(G1X1)

X
 —

Gy(s)

X,

v

L J

Gy(s)

= G,G:X

= G1G,X

Xy
G —>

X3=0G (X1 in)

Equivalent Diagram

X X5

— GG, —>

== GXl i GXZ
3. Moving a pickoff point X X, X X
ahead of a block — G — : > G »
X5 X
-— “— G |e
37 b
‘ Block Diagram Transformations -2
1
4. Moving a pickoff point X, X, X, X
behind a block > G —> : > G >
X X 1.
— <+ a -
5. Moving a summing point X, X, X,
ahead of a block — G G F—»
G I
6. Eliminating a feedback loop % X G X
s ’ l "izcn g
H g T —Er—

38 =




‘ Closed-loop Transfer Function
i

» Y(s)

Controller Actuator Process
E,(s) Z(s) U(s)
R(s) T » Gs) P G) > Gy(9)
Sensor G(s) =G(9)G4(9) Gp(S)

B(s)

H(s) <

Y =GE,=G(R+B)=G(R+HY) =GR + GHY

(1 F GH)Y = GR

Y

G
1+ GH

| =<

39 ‘-‘

‘ Block Diagram Reduction -1

| GGy
= GiGH,

40 h‘




! Block Diagram Reduction -2

GG,G+Gy
l = G3G,_1H| g GQG3H2+ G| GQGBGci-H}

i # - 4] ME3007-01 Chap 2 - kit 3 ‘”_i

! Example: Armature-controlled DC Motor -1

o Mechanical v Va or magnet
T = ] 0 + b9 K Rotor windings
=J& + bw 2 NN
l L ’ . Cnlli:-:::unr
=) T = JOs? + bOs ZTE <§ix$:b e
= |Ws + bW e o
or magnet " -
o Electrical . ,
: di T =kl
va=Rl+La+kba) o
‘ r Bm ] ‘ [, Motor constant
V, = RI + LIs + k,W = T =kl
V,(s) — k,W(s o Ve kW
I(S) __a b ( ) k

- m
R+ Ls R+ Ls
i # - 4] ME3007-01 Chap 2 - +hift 3 42




! Example: Armature-controlled DC Motor -2

Electrical Mechanical
Va LS B e I O S LAY R
- R+ Ls = ' Js+b s
kyr
® 1 k
|:> G = — = — m

V, sR+Ls)Js+b)+kpk,,

Note: power:  mechanical electrical

T-w = (k,,))w = (kyw)i
.' km = kp

" (N — m) ( |4 )
unitt.

A
p # 74 ME3007-01 Chap 2 - i ##

rad - s

.o

! Transfer Function of Dynamic Components

Table 2.5 Continued

P.S. AR LEEHEHMEA
Element or System G(s)
5. DC motor, field-controlled, rotational actuator

8(‘5‘) K”I

Vi(s) s(Js + b)(Lss + Ry)

Q(S) r K}Ti

Vi(s) S[(R, + Ls)(Js + b) + K,K,,]

+ 9(5) — Kﬂi
Y V(s)  s(rs + 1)
V() @ﬂ T=1/(b—m)
- Reference
field

m = slope of linearized torque-speed

curve (normally negative)
44

7. AC motor, two-phase control field, rotational actuator

p # ¥y 4] ME3007-01 Chap 2 - i ##
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* Signal-flow Graph z_% -1
|

o A graphical representation of a set of
linear relations which can derive gain (i.e.,

T.F.) without any reduction procedure

Block diagram Signal-flow graph
G(s
X—— GG6) —Y X © (5) O Y
o Definition

+ Node: input/output point or junction

+ Branch: Relating the dependency of an input

and an output

P

* Signal-flow Graph z_% -2
1

Block diagram Signal-flow graph
E Y
R —o—f G(s) Y RO 1 E SES
- 8 >, “path”
“loop”
H(s) P E=1+R-H:Y

+ Path: a branch or a continuous sequence of branches; no node is

met more than once (ex: from Xto Y, from Rto Y)

+ Loop: a closed path; no node is met more than once (ex: from E to
Y to E)

+ Nontouching: two loops do not have common nodes

“touching” o “nontouching” loop”
@ loop Z \l\
O >Of NOT a loop O] O

L} N

Uloopu nloop” i - ‘




* Mason’s Formula
|
D 2k PijrBii

J A

o Py, = k™ path form variable x; to variable y;

o A = determinant of the graph
M,9

L,: loop

“nontouching”  “nontouching”

o Ay, = cofactor of the path Py,

= A — (any term touching k*! path)

* Example
1

o Revisit BD reduction problem

{#:]«
w *O—=] f—-D

Jo
sl

=
LT

) et
J L&
] Hy |

Hy
—H,

Pry1 = p1 = G1G,G3G,
A=1 - (G3G4H1 - GstHz - G1GZGsG4H3)
ARY]_: 1 "all tOUChing"

B Pry1Agyq B G1G,G3G,

E> Try = -
A 1 - 63641_]1 - GngHZ + 616263641']3

50 L‘




“touching”

Method 1 *+ *paths B » ¥ #gae

G,G5 - 1 Ge G, “nontouching”
T:G1—64+65 '1 Gg

1—L,— L, 1-L;  1-1,
_ GeGy

" 1—Lz—L,—LsL,

Method 2 % i - 425

G1G,G3G4(1 — Ly — Ly + L3Ly) + GsGG,Gg(1 — Ly — L)
1-— (L1 +L,+ Lz + Ly) + (L1L3 + LiLy+ LyLy+ LyLy + L3L4) - (L1L3L4 + L2L3L4)

.o

T =

™8 Matlab - 12SMD 4 5. % 61
1
a

3= = Transfer function G(s) =

s?2+4s+3
o O E- >>sys=tf(1,[1 4 3]);
o O E - >>s=tf(“s’); sys2=1/(s"2+4*s+3)
o % iy polesfrzeros
>>pole(sys) P.S. T%| A& Hpoles
>>zero(sys) >>den=[1 4 3]
>>roots(den)

>>[p,z]=pzmap(sys)

o kAT B~ B I~ w2 - step response
>>parallel(sysl,sys2)
>>series(sysl,sys2) P.S. ¥iMatlabiE S A HF X E %
>>feedback(G,H, -1) 0] A helpIhAE
>>step(sys) Ex. >>help feedback

.8




" Matlab ¥

|
0 rpptfeska Section 2.8 144y £ E 2

Armature-controlled DC motor |42 # % &
block » i 2 'Matlabdy 4 | 35 H R 5

Z Td ¢ RvI|#E:#w  transfer function

GE) y, R Tl wiTl e
> > =km > > >

R+ Ls Js+b S
Kb
0 tRHALBEEPRRE F B L5 H BB EELITR

B L5 i@ F Ji(step response)

A

{4

.

|
o Questions?

P




