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Introduction

 A feedback control system can 

 Adjust the transient and steady-state responses

 Reduce system sensitivities to the parameter variation 

 Disturbance / noise rejection

 Design specifications (for control system)

For a specified input command

 Several time response indices

 Steady-state accuracy

2
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Test Input Signals

 Why do we want to do this ?

 Actual input signal is usually unknown

 Provide several standard measures of the performance of the system

 Exist a reasonable correlation between the response of a system to a 

standard test input and an actual input

3
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Some standard test signals -1

 Unit impulse 

 Rectangular function

 Unit impulse

o Properties

4

ఢ݂ ݐ = ቐ1߳      − 2߳ ≤ ݐ ≤ ݁ݏ݅ݓݎ݄݁ݐ݋        2߳0 ఢ݂ 1߳ݐ
2߳− 2߳ (ݐ)ߜݐ  ≜ limఢ→଴ ఢ݂ ݐ

න ߜ ݐ ݐ݀ = 1ஶ
ିஶ න ߜ ݐ − ܽ ݐ݀(ݐ)݃ = ݃ ܽஶ

ିஶݕ ݐ = L ିଵ ܩ ݏ (ݏ)ܴ =L ିଵ ܩ ݏ = (ݐ)݃

ܴ ݏ = 1
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Some standard test signals -2

 Step

 Ramp

5

ݎ ݐ = ቊݐ         ܣ ≥ ݐ         00 < 0
ܴ ݏ = ݏܣ

ܣ ݕݐ ∞ = lim௦→଴ ܻݏ ݏ = lim௦→଴ ܩݏ ݏ ݏ1 = ܣ ݂݅)   (0)ܩ = 1)
ݎ ݐ = ቊݐ        ݐܣ ≥ ݐ         00 < 0

ܴ ݏ = ଶݏܣ ܣ ݐ
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Some standard test signals -3

 Parabolic

 General form (polynomial)

6

ݎ ݐ = ቊݐܣଶ     ݐ ≥ ݐ         00 < 0
ܴ ݏ = ଷݏܣ2

ݎ ݐ = ቊݐ௡       ݐ ≥ ݐ         00 < 0
ܴ ݏ = ௡ାଵݏ!݊

ݐ
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Example

 A 1st-order system

7

ܩ ݏ = ݏ9 + 10
Unit step input ݎ ݐ = 1ܻ ݏ = ܩ ݏ ܴ ݏ = ݏ)ݏ9 + 10) = ݏ0.9 + ݏ0.9− + ݕ10 ݐ = 0.9(1 − ݁ିଵ଴௧) ݕ ∞ = 0.9

Or              ݕ ∞ = lim௦→଴ ܩݏ ݏ ଵ௦ = ܩ 0 = 0.9݁௦௦ = ݁ ∞ = lim௦→଴ ܧݏ ݏ = lim௦→଴ ݏ 1 − ܩ ݏ ݏ1
݁௦௦ = ݁ ∞ = 0.1

= 1 − 0.9 = 0.1
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Performance of Second-order Systems -1

 Consider a single-loop second-order system

8

(ݏ)ܴ (ݏ)ܧ ݏ)ݏܭ + (݌ +(ݏ)ܻ −
ܻ ݏ = ܩ 1ݏ + ܩ ݏ ܴ ݏ = ଶݏܭ + ݏ݌ + ܭ (ݏ)ܴ

= ߱௡ଶݏଶ + ݏ௡߱ߞ2 + ߱௡ଶ (ݏ)ܴ
damping ratio, “zeta”߱௡: natural frequency :ߞ

DC gain = 1
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Performance of Second-order Systems -2

 Assuming unit step input  

9

ܴ ݏ = ܻݏ1 ݏ = ߱௡ଶ (ݏଶ + ݏ௡߱ߞ2 + ߱௡ଶ) =ݏ1 ݏ1 − ݏ + ଶݏ௡߱ߞ2 + ݏ௡߱ߞ2 + ߱௡ଶ= ݏ1 − ( ݏଵݖ − ଵ݌ + ݏଶݖ − (ଶ݌
L ିଵ

ݕ ݐ = 1 − ଵ݁௣భ௧ݖ − ଶ݁௣మ௧ݖ
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Performance of Second-order Systems -3

 When ߞ = 0

10

ݏ + ଶݏ௡߱ߞ2 + ݏ௡߱ߞ2 + ߱௡ଶ = ଶݏݏ + ߱௡ଶ = ݏଵݖ − ଵ݌ + ݏଶݖ − ଶ݌
ଵ,ଶ݌ = ±݆߱௡ ଵݖ = ݏݏ − ଶ݌               = ݏ12 = ଶݖଵ݌ = ݏݏ − ଵ݌               = ݏ12 = ଶ݌

ݕ ݐ = 1 − ଵ݁௣భ௧ݖ − ଶ݁௣మ௧ݖ = 1 − 12 ݁௝ఠ೙௧ − 12 ݁ି௝ఠ೙௧= 1 − cos (߱௡ݐ)
L ିଵ
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Performance of Second-order Systems -4

 When 0 < ߞ < 1

11

ݏ + ଶݏ௡߱ߞ2 + ݏ௡߱ߞ2 + ߱௡ଶ = ݏଵݖ − ଵ݌ + ݏଶݖ − ଵ,ଶ݌ଶ݌ = ௡߱ߞ− ± ݆߱௡ 1 − ଶߞ = ߞ−) ± ௡߱(ߚ݆
where ߚ ≡ 1 − ଵݖଶߞ = ݏ + ݏ௡߱ߞ2 − ଶ݌               = ߚ − ݏߚ2ߞ݆ = ଶݖଵ݌ = ݏ + ݏ௡߱ߞ2 − ଵ݌               = ߚ + ݏߚ2ߞ݆ = ଶ݌
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Performance of Second-order Systems -5



12

ݕ ݐ = 1 − ଵ݁௣భ௧ݖ − ଶ݁௣మ௧ݖ
= 1 − ଵ݁ି఍ఠ೙௧(cosݖ ߱௡ݐߚ + ((ݐߚ௡߱)݊݅ݏ݆
= 1 − ߚ1 ݁ି఍ఠ೙௧sin (߱௡ݐߚ + (ߠ

ଶ݁ି఍ఠ೙௧(cosݖ− ߱௡ݐߚ − ((ݐߚ௡߱)݊݅ݏ݆
݁௝ఏ = ߠݏ݋ܿ + ߠ݊݅ݏ݆

ߚ = 1 − ଶߞ ≜ ∴ߠ݊݅ݏ ߠ = cosିଵ ߞ

Euler’s formula

L ିଵ
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Performance of Second-order Systems -6

 When ߞ = 1

13

ଵ,ଶ݌ = −߱௡     ݈݀݁݋݌ ݈ܾ݁ݑ݋
ݏ + 2߱௡ݏଶ + 2߱௡ݏ +߱௡ଶ = ݏ1 + ߱௡ + ߱௡ݏ + ߱௡ ଶ

ݕ ݐ = 1 − ݁ିఠ೙௧ − ߱௡ି݁ݐఠ೙௧ = 1 − (1 + ߱௡ݐ)݁ିఠ೙௧
Note: L[ݐ௡݁௔௧] = ௡!௦ି௔ ೙శభ

Repeated root introduce slower response

L ିଵ
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Performance of Second-order Systems -7

 When ߞ > 1

14

ଵ,ଶ݌ = ߞ− ± ଶߞ − 1 ߱௡

ݕ ݐ = 1 − ଵ݁௣భ௧ݖ − ଶ݁௣మ௧ݖ

ݏ + ଶݏ௡߱ߞ2 + ݏ௡߱ߞ2 + ߱௡ଶ = ݏଵݖ − ଵ݌ + ݏଶݖ − ଶ݌
ଵݖ = ݏ + ݏ௡߱ߞ2 − ଶ݌               = ଶߞ − 1 + 2ߞ ଶߞ − 1 > ݏ0 = ଶݖଵ݌ = ݏ + ݏ௡߱ߞ2 − ଵ݌               = ଶߞ − 1 − 2ߞ ଶߞ − 1 < ݏ0 = ଶL ିଵ݌

等同兩個⼀階系統反應的線性合成
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Performance of Second-order Systems -8

 The locus of roots as ߞ varies with ߱௡ constant.

15

ଵ,ଶ݌ = ߞ− ± ଶߞ − 1 ߱௡

0 < ߞ < ଵ,ଶ݌1 = ߞ− ± ݆ 1 − ଶߞ ߱௡ߞ > 1
߱௡0 < ߞ < 1 ߞ = 0 ݆݆߱߱௡

ߞ > ݃݊݅ݏ݁ݎܿ݊݅ ߞ1
ߞ = 1 0-߱௡ ߪ

ߞ = ଵ,ଶ݌0 = ±݆߱௡
ߞ = ଵ,ଶ݌1 = −߱௡ߞ > 1

ߠ

ߠ = cosିଵ ߞ
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Performance of Second-order Systems -9

 Step response as ߞ varies 

16

(ݐ)ݕ = 1 − cos (߱௡ݐ)(ݐ)ݕ = 1 − ߚ1 ݁ି఍ఠ೙௧sin (߱௡ݐߚ + ݕ(ߠ ݐ = 1 − (1 + ߱௡ݐ)݁ିఠ೙௧0 < ߞ < ߞ1 = 1
ߞ = 0
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Performance of Second-order Systems -10

 Assuming impulse input  

17

ܴ ݏ = 1
ଶܻ ݏ = ߱௡ଶݏଶ + ݏ௡߱ߞ2 + ߱௡ଶ = ݏଵݖ − ଵ݌ + ݏଶݖ − ଶ݌

以0 < ߞ < 1為例
ଶݕ ݐ = ߚ1 ߱௡݁ି఍ఠ೙௧sin(߱௡ݐߚ)

ଶݕ ݐ = ݐ݀݀ ݕ ݐ

L ିଵݕ ݐ = ݃ ݐ = ଵ݁௣భ௧ݖ + ଶ݁௣మ௧ݖ 可用前幾頁描述之方式求解

或者，以前幾頁所得之解為基礎

ଶܻ ݏ = ܻݏ ݏ
(ݐ)ݕ = 1 − ߚ1 ݁ି఍ఠ೙௧sin (߱௡ݐߚ + (ߠ
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Response of Second-order Systems -1

 Assuming unit step input

18

ܴ ݏ = ݏ1
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Response of Second-order Systems -2

 Settling time ௦ܶ
 The time required for the system to settle within a certain 

percentage ߜ of the input amplitude

 For standard 2nd-order systems 

19

If 0 < ߞ < 1 and ߜ = 2%
݁ି఍ఠ೙ ೞ் < ௡߱ߞ0.02 ௦ܶ~4

௦ܶ = ସ఍ఠ೙ = 4߬
ݕ ݐ = 1 − ݁ି఍ఠ೙௧[1ߚ sin (߱௡ݐߚ + [(ߠ
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Response of Second-order Systems -3

 Peak time ௣ܶ
 Time at which the amplitude is largest

 Percentage overshoot ܲ. ܱ.


20

ܲ. ܱ. = ௣௧ܯ − ௩݂௩݂ × ௣௧: peak value of the time responseܯ100%

௩݂: final value of the response
(may not be the same as the input)



自動控制 ME3007-01 Chap 5 - 林沛群

Response of Second-order Systems -4

 For standard 2nd-order systems 

21

ݕ ݐ = 1 − ߚ1 ݁ି఍ఠ೙௧sin (߱௡ݐߚ + ሶ(ݐ)ݕ (ߠ = ߚ1 ߱௡݁ି఍ఠ೙௧ sin ߱௡ݐߚ = 0߱௡ݐߚ = ߨ݊ When ݊ = 1 → ݐ  = ௣ܶ߱௡ߚ ௣ܶ = ߨ
௣ܶ = ߚ௡ߨ߱ = ௡߱ߨ 1 − ଶߞ

If 0 < ߞ < 1
(i.e. impulse response)
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Response of Second-order Systems -5

22

ݕ ௣ܶ = ௣௧ܯ = 1 + ݁ି ఍గଵି఍మ
Independent of ߱௡

௩݂ = 1ܲ. ܱ. = ௣௧ܯ − ௩݂௩݂ × 100% = 100݁ି ఍గଵି఍మ

OR   ߦ = ௟೙ ು.ೀ.భబబ మ
గమା ௟೙ ು.ೀ.భబబ మ ߱௡ ௣ܶ = 1ߨ − ଶߦ
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Response of Second-order Systems -6

 Rise time ௥ܶ
 For underdamped systems: ௥ܶ 0 − 100% 
 For overdamped/underdamped systems: ௥ܶభ 10 − 90% 

23

௥ܶభ~ ߞ2.16 + 0.6߱௡
Linear approximation

0.3 ݎ݋݂ ≤ ߞ ≤ 0.8

௡߱ ݎ݁݃ݎ݈ܽ and ߞ ݎ݈݈݁ܽ݉ݏ ݐ݋݋݄ݏݎ݁ݒ݋ ݎ݁݃ݎ݈ܽ݁ݏ݊݋݌ݏ݁ݎ ݎ݁ݐݏ݂ܽ
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Response of Second-order Systems -7

 Versus time  

24



自動控制 ME3007-01 Chap 5 - 林沛群

 Comparison

Response of Second-order Systems -8

25

ࢌ࢘࢕ࡰ ࢕࢛ࡷ ࢔࢏࢒࢑࢔ࢇ࢘ࡲ
௦ܶ

௣ܶ
ܲ. ܱ.

௥ܶభ

~ ସ఍ఠ೙  (2%) ~ ଷ.ଶ఍ఠ೙ (0 < ߞ < 0.69)~ ସ.ହଷ఍ఠ೙ ߞ) > 0.69) ~ ସ.଺఍ఠ೙ (1%)

௣ܶ = గఠ೙ ଵି఍మ

~ ଶ.ଵ଺఍ା଴.଺ఠ೙݂0.3 ݎ݋ ≤ ߞ ≤ 0.8 ~ ଶ.ହ఍ା଴.଼ఠ೙~ ଵି଴.ସଵ଺଻఍ାଶ.ଽଵ଻఍మఠ೙
~ ଵ.଼ఠ೙

100݁ି ఍గଵି఍మ

(2%)

0 ݎ݋݂ < ߞ < 1 0.5~ߞ ݎ݋݂
Want ߱ߞ௡

Want ߱௡

Want ߞ
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Effect of a Third Pole and a Zero -1

 Add a pole on the 2nd-order system

26

ܶ ݏ = ߱௡ଶ (ݏଶ + ݏ௡߱ߞ2 + ߱௡ଶ) ݏ)ݎ + (ݎ
poles ݌ଵ,ଶ,ଷ = ߞ−  ± ݆ 1 − ଶߞ ߱௡, ݎ−

ݎ−௡߱ߞ−
1 − ଶ߱௡ߞ

If ݎ ≥ 10 ௡߱ߞ ,
the system can be approximated by the 
2nd-order system because the effect of 
the 3rd root decays vary fast comparing 
to the other two roots 

ݐ ݐ = ଵ݁௣భ௧ݖ + ଶ݁௣మ௧ݖ + ଷ݁௣య௧ݖ
L ିଵ
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Effect of a Third Pole and a Zero -2

 Add a zero on the 2nd-order system

 Change weights of all poles

 May cause pole-zero cancellation

27

ܶ ݏ = ߱௡ଶ (ݏଶ + ݏ௡߱ߞ2 + ߱௡ଶ) (ݏ + ܽ)ܽ
poles ݌ଵ,ଶ = ߞ−)  ± ݆ 1 − ଶ)߱௡ߞ
zero ݖ = ݐܽ− ݐ = ଵ݁௣భ௧ݖ + ଶ݁௣మ௧ݖ

L ିଵ

ܽ−௡߱ߞ−
1 − ଶ߱௡ߞ
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Effect of a Third Pole and a Zero -3

28
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Effect of a Third Pole and a Zero -4

 Assuming ܽ = ௡߱ߞߙ

29

ܶ ݏ = ߱௡ଶ (ݏଶ + ݏ௡߱ߞ2 + ߱௡ଶ) (ݏ + =௡߱ߞߙ(௡߱ߞߙ భഀഅ ೞഘ೙ ାଵೞഘ೙ మାଶ఍ ೞഘ೙ ାଵ
= ߞߙݏ̅ + ଶݏ1̅ + ݏ̅ߞ2 + 1 = ଶݏ1̅ + ݏ̅ߞ2 + 1 + ߞߙ1 ݏ̅ ଶݏ1̅ + ݏ̅ߞ2 + 1

Set ̅ݏ = ௦ఠ೙

Original 2nd-order system Derivative of the original 
2nd-order system

If α↑, effect↓
In general, ܲܪܮ .ܲ ݁ݏܽ݁ݎܿ݊݅ ݏ݋ݎ݁ݖ ܱ. and ܴܲܪ .ܲ ݁ݏܽ݁ݎܿ݁݀ ݏ݋ݎ݁ݖ ܱ..
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0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

0.5

1.0

Effect of a Third Pole and a Zero -5

 Example:

30

ଵܩ ݏ = ଶݏ6 + ݏ10 + 16 = ݏ1 + 2 + ݏ1− + ଵݕ݁ݏ݊݋݌ݏ݁ݎ ݁ݏ݈ݑ݌8݅݉ ݐ = ݃ଵ ݐ = ݁ିଶ௧ − ݁ି଼௧
ଶܩ ݏ = ݏ6 + ଶݏ6 + ݏ10 + 16 = ݏ1− + 2 + ݏ7 + 8

ଶݕ ݐ = ݃ଶ ݐ = −݁ିଶ௧ + 7݁ି଼௧             = ଵݕ ݐ + ଵሶݕ ݐ
݁ݏ݊݋݌ݏ݁ݎ ݁ݏ݈ݑ݌݉݅

Add a zero

0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

0.5

1.0

1.5

2.0
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The s-plane Root Locations -1

 General T.F. 

31

ܶ ݏ = ܻ ܴݏ ݏ = ∑ ௜ܲ∆௜(ݏ)∆(ݏ) = ݌ ݍݏ ݏ Roots of ݌ ݏ = 0 : zeros
Roots of ݍ ݏ = 0 : poles

In general, if ܴ ݏ = ଵ௦, ܶ 0 = 1, and no repeated roots

ܻ ݏ = ݏ1 + ෍ ݏ௜ܣ + ௜ߪ
ெ

௜ୀଵ + ෍ ݏ௞ܤ + ଶݏ௞ܥ + ݏ௞ߙ2 + ௞ଶߙ) + ߱௞ଶ)ே
௞ୀଵ

ݏ = ,௜ߪ− ௞ߙ− ± ݆߱௞
,௜ܣ ,௞ܤ ௞ܥ = ݏݐ݊ܽݐݏ݊݋ܿ
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The s-plane Root Locations -2

32

ݕ ݐ = 1 + ෍ ௜݁ିఙ೔௧ெܣ
௜ୀଵ + ෍ ݐ௞݁ିఈೖ௧sin (߱௞ܦ + ௞)ேߠ

௞ୀଵܦ௞ = ݂ ,௞ܤ ,௞ܥ ,௞ߙ ߱௞ = ݐ݊ܽݐݏ݊݋ܿ
For the response to be stable,−ߪ௜, ௞ߙ− must be in the left-hand s-plane (LHP)

Locations of poles and zeros determines the system response

L ିଵ
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Same decay speed

ݕܽܿ݁݀ ݎ݁ݐݏ݂ܽ ݎ݁ݐݏ݂ܽ
݈݈ܽ݅ܿݏ݋ 

݊݋݅ݐ

 Impulse response for various root locations 

in the s-plane 

The s-plane Root Locations -3

33
ݎ݋ ௜ߪ− ௞ߪ−

Same 
oscillating 

speed

߱௞
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The s-plane Root Locations -4

 Comments

 System performance – in time domain y(t)

System analysis and design – in frequency domain pole & zero

 Poles of T(s) determine the particular response modes

Zeros of T(s) establish the relative weightings of individual modes

reduce the effect of nearby poles  

 The response of a complex linear system can be thought as the 

combination of these simple 1st-order and 2nd-order system 

responses

34
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Steady-state Error of Feedback Control Systems -1

 A standard closed-loop system

35

ܪ௖ܩ = 1ܴ ܻ+
-

ܩ
Considering unity feedback

ܧ ݏ = 11 + ܩ௖ܩ (ݏ)ܴ
ܩ௖ܩ ݏ = ݇ ∏ ݏ + ேݏ௜ெ௜ୀଵݖ ∏ ݏ) + ௞)ொ௞ୀଵ݌

݁௦௦ = lim௧→ஶܧ ݐ = lim௦→଴ܧݏ ݏ = lim௦→଴ ݏ 11 + ܩ௖ܩ  (ݏ)ܴ
ܰ: type number
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Steady-state Error of Feedback Control Systems -2

 Step input 

36

(ݏ)ܴ = ௦௦݁ݏܣ = lim௦→଴ ݏ 11 + ௖ܩ ݏ (ݏ)ܩ ݏܣ = lim௦→଴ 1ܣ + ௖ܩ ݏ (ݏ)ܩ
݂݅ ܰ ≥ 1   ݁௦௦ = 0݂݅ ܰ = 0   ݁௦௦ = 1ܣ + ݇௣ ݇௣ ≜ lim௦→଴ ܩ௖ܩ ݐ݊ܽݐݏ݊݋ܿ ݎ݋ݎݎ݁ ݊݋݅ݐ݅ݏ݋݌ݏ

= lim௦→଴ ேݏܣ ∏ ݏ + ேݏ௞ொ௞ୀଵ݌ ∑ ݏ + ௞݌ + ݇ ∏ ݏ) + ௜)ெ௜ୀଵொ௞ୀଵݖ



自動控制 ME3007-01 Chap 5 - 林沛群

Steady-state Error of Feedback Control Systems -3

 Ramp input

37

(ݏ)ܴ = ଶ݁௦௦ݏܣ = lim௦→଴ ݏ 11 + ௖ܩ ݏ (ݏ)ܩ ଶݏܣ = lim௦→଴ ௖ܩݏܣ ݏ =(ݏ)ܩ lim௦→଴ ேିଵݏܣ ∏ ݏ + ௞ொ௞ୀଵ݇݌ ∏ ݏ) + ௜)ெ௜ୀଵݖ
݂݅ ܰ ≥ 2   ݁௦௦ = 0݂݅ ܰ = 1   ݁௦௦ = ܰ ௩݂݅ܣ݇ = 0   ݁௦௦ = ∞ ݇௩ ≜ lim௦→଴ ௖ܩݏ ݏ ݐ݊ܽݐݏ݊݋ܿ ݎ݋ݎݎ݁ ݕݐ݅ܿ݋݈݁ݒ(ݏ)ܩ
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Steady-state Error of Feedback Control Systems -4

 Parabola input

38

(ݏ)ܴ = ଷ݁௦௦ݏܣ = lim௦→଴ ݏ 11 + ௖ܩ ݏ (ݏ)ܩ ଷݏܣ = lim௦→଴ ௖ܩଶݏܣ ݏ (ݏ)ܩ
= lim௦→଴ ேିଶݏܣ ∏ ݏ + ௞ொ௞ୀଵ݇݌ ∏ ݏ) + ௜)ெ௜ୀଵݖ

݂݅ ܰ ≥ 3   ݁௦௦ = 0݂݅ ܰ = 2   ݁௦௦ = ܰ ௔݂݅ܣ݇ = 1   ݁௦௦ = ∞ ݇௔ ≜ lim௦→଴ ௖ܩଶݏ ݏ ݐ݊ܽݐݏ݊݋ܿ ݎ݋ݎݎ݁ ݊݋݅ݐܽݎ݈݁݁ܿܿܽ(ݏ)ܩ
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Steady-state Error of Feedback Control Systems -5

 Summary

39

ܩ௖ܩ ݂݋ ݎܾ݁݉ݑ݊ ݁݌ݕܶ
௣

௩
௔
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Steady-state Error of Feedback Control Systems -6

 Example: Mobile robot steering control

40

௖ܩ ݏ = ଵܭ
௖ܩ ݏ = ଵܭ + ݏଶܭ

ܰ = 0 Step input: ݁௦௦= ஺ଵା௞೛ ݇௣ = ܭଵܭ
ܰ = 1 Step input: ݁௦௦= 0

Ramp input: ݁௦௦= ஺௞ೡ ݇௩ = ܭଶܭ
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Performance Indices -1

 Definition

 A performance index is a quantitative measure of the 

performance of a system and is chosen so that emphasis is 

given to the important system specifications

 Optimum control system

 When the system parameters are adjusted so that the index 

reaches an extreme, commonly a minimum value

41
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Performance Indices -2

 ISE, integral of the square of the error

 Can discriminate excessively over-damped 

systems and excessively underdamped 

systems

 Can be solved analytically

42

ܶ = ௦ܶ    ܧܵܫݕ݈݈ܽݑݏݑ = න ݁ଶ ݐ ்ݐ݀
଴

ܭ݀ܧܵܫ ݀ = ܭ ݐ݁݃ ݋ݐ  0
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Performance Indices -3

 IAE, integral of the absolute magnitude of the error

 ITSE, integral of time multiplied by the squared error

 ITAE, integral of time multiplied by absolute error, ITAE

43

ܧܣܫ = න (ݐ)݁ ்ݐ݀
଴

ܧܵܶܫ = න ்ݐ݀(ݐ)ଶ݁ݐ
଴

ܧܣܶܫ = න ݐ (ݐ)݁ ்ݐ݀
଴

To reduce the contribution of the large initial error
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 Example

 The indices of the critical damped system is always smaller than 

those of the overdamped system

 Minimum occurs in the underdamped system---going up fast but 

with oscillation

Performance Indices -4

44

ܶ ݏ = ଶݏ1 + ݏߦ2 + 1

ܴ ݏ = ݏ1
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Performance Indices -5

 Optimum coefficients of ܶ ݏ based on ITAE 

criterion for a step input

45

ܶ ݏ = ܻ (ݏ)ܴݏ = ܾ଴ݏ௡ + ܾ௡ିଵݏ௡ିଵ + … + ܾଵݏ + ܾ଴= ܾ଴ݏ௡ + ܾ௡ିଵݏ௡ିଵ + … + ܾଵ1ݏ + ܾ଴ݏ௡ + ܾ௡ିଵݏ௡ିଵ + … + ܾଵݏ ܰ = 1 ݁௦௦= 0
ߞ = 0.7
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Performance Indices -6

 Step responses of a normalized 

transfer function 

46

ωnt
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Performance Indices -7

 Optimum coefficients of ܶ ݏ based on ITAE 

criterion for a ramp input

47

ܶ ݏ = ܻ (ݏ)ܴݏ = ܾଵݏ + ܾ଴ݏ௡ + ܾ௡ିଵݏ௡ିଵ + … + ܾଵݏ + ܾ଴ ܰ = 2 ݁௦௦= 0= ܾଵݏ + ܾ଴ݏ௡ + ܾ௡ିଵݏ௡ିଵ + … + ܾଶݏଶ1 + ܾଵݏ + ܾ଴ݏ௡ + ܾ௡ିଵݏ௡ିଵ + … + ܾଶݏଶ
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終

 Questions?


