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The Concept of Stability -1

 Definitions

 A stable system is a dynamic system with a bounded response to 

a bounded input (BIBO stability)

 A linear system is stable if and only if the absolute value of its 

impulse response, g(t), integrate over an infinite range is finite

2
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The Concept of Stability -2

 Example : Stability of a cone

 Example: Stability of dynamic systems

3

stable unstableneutral
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The Concept of Stability -3

 Stability (transfer function)

4

ܶ ݏ = (ݏ)ݍ(ݏ)݌ = ݇∏ ݏ + ேݏ௜ெ௜ୀଵݖ ∏ ݏ + ௞ߪ ∏ ଶݏ + ݏ௠ߙ2 + ௠ଶߙ) + ߱௠ଶ )ோ௠ୀଵொ௞ୀଵݍ ݏ = ∆ ݏ = "ݏ݈݁݋݌"	݁ݎܽ		ݏݐ݋݋ݎ					0
ܶ	݂݋	݁ݏ݊݋݌ݏ݁ݎ	݁ݏ݈ݑ݌݉݅	݄݁ܶ ݏ , (ܰ = ݕ(0 ݐ = ෍ܣ௞݁௞ି ఙೖ௧ொ

௞ୀଵ + ෍ ௠ܤ 1߱௠ ݁ିఙ೘௧sin	(߱௠ݐ + ோ	௠)ߠ
௠ୀଵܣ௞ = ݐ݊ܽݐݏ݊݋ܿ = ,௜ݖ)݂ ,௞ߪ ,௠,߱௠ߙ ௠ܤ(݇ = ݐ݊ܽݐݏ݊݋ܿ = ,௜ݖ)݃ ,௞ߪ ,௠,߱௠ߙ ݇)

݌ = ௠ߙ−,௞ߪ− ± ߱௠
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The Concept of Stability -4

 For a system to be stable (necessary  and sufficient)

All poles of the transfer function have negative

real parts (in LHP)

 If the system has simple roots on the imaginary axis

Marginally stable: only certain bounded inputs will 

cause the output to become

unbounded

5

“distinct” roots
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The Routh-Horwitz Stability Criterion -1

 Motivation

 Can we know stability of the linear system without finding the 

locations of all poles?

 The answer is YES!

6

∆ ݏ = ݍ ݏ = ܽ௡ݏ௡ + ܽ௡ିଵݏ௡ିଵ + ⋯+ ܽଵݏ + ܽ଴ = 0(ܽ௡ > 0	)
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The Routh-Horwitz Stability Criterion -2

 Necessary Condition

 If all the roots are in the LHP

 All the coefficients of the polynomial MUST have the same sign

 None of the coefficients vanishes

7

ݍ ݏ = ܽ௡ ݏ − ଵݎ ݏ − ଶݎ … ݏ − ௡ݎ = 0= ܽ௡ݏ௡ − ଵݎ + ଶݎ +⋯+ ௡ݎ +௡ିଵݏ ଶݎଵݎ + ଷݎଵݎ + ⋯+ ௡ݎ௡ିଵݎ −௡ିଶݏ ଷݎଶݎଵݎ + ସݎଶݎଵݎ + ⋯+ ௡ݎ௡ିଵݎ௡ିଶݎ +௡ିଷݏ −1 ௡ݎଵݎଶ … ௡ݎ = 0
This condition is NOT sufficient
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The Routh-Horwitz Stability Criterion -3

 Routh’s Tabulation

8

ܽ଺ݏ଺ + ܽହݏହ + ܽସݏସ + ܽଷݏଷ + ܽଶݏଶ + ܽଵݏ + ܽ଴ = ݈݁݌݉ܽݔ݁	݄݁ݐ	ݏ0ܽ

ଶݏ

ଷݏସݏହݏ଺ݏ
଴ݏଵݏ

ܽ଺ ܽସ ܽଶ ܽ଴ܽହ ܽଷ ܽଵ 0ܽସܽହ − ܽଷܽ଺ܽହ = ܣ ܽଶܽହ − ܽଵܽ଺ܽହ = ܤ ܽ଴ܽହ − ܽ଺ · 0ܽହ = ܽ଴ 0
ܥܤ − ܥܦܣ = ܧ ܽ଴ܥ − ܣ · ܥ0 = ܽ଴ ܥ · 0 − ܣ · ܥ0 = 0 ܧܦ0 − ܽ଴ܧܥ = ܨ 00 0ܽ଴ܨ − ܧ · ܨ0 = ܽ଴ 00 0
ܽଷܣ − ܽହܣܤ = ܥ ܽଵܣ − ܽ଴ܽହܣ = ܦ ܣ · 0 − ܽହ · ܣ0 = 0 0

first column
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The Routh-Horwitz Stability Criterion -4

 Sufficient condition: The Routh-Horwitz Criterion

 The number of roots of ݍ ݏ with positive real parts 

is equal to 

the number of changes in sign of the first column 

of the Routh Tabulation

9

For a stable system,
NO CHANGE IN SIGN in the first column of Routh’s 
Tabulation 
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Routh’s Tabulation -1

 Case 1: No element in the first column is zero

 Example 1: 2nd–order system

10

ݍ ݏ = ܽଶݏଶ + ܽଵݏ + ܽ଴ݏଶݏଵݏ଴
ܽଶ ܽ଴ܽଵ 00ܽ଴ܽଵ − ܽଶ · 0ܽଵ = ܽ଴

Stable : ܽ଴, ܽଵ, ܽଶ are all positive

Necessary condition = sufficient condition

ܽଶ > 0
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Routh’s Tabulation -2

 Example 2: 3rd–order system

11

଴ݏଵݏଷݏଶݏ
ܽଷ ܽଵܽଶ ܽ଴0ܽଵܽଶ − ܽ଴ܽଷܽଶ = ଴ܽܣܣ − ܽଶ · ܣ0 = ܽ଴ 0

Stable : Necessary:  ܽ଴, ܽଵ, ܽଶ, ܽଷ positive
Sufficient: ܣ > 0 → ܽଵܽଶ > ܽ଴ܽଷ

so ܽଵ > ௔బ௔య௔మ
條件強於 ܽଵ > 0

ݍ ݏ = ܽଷݏଷ + ܽଶݏଶ + ܽଵݏ + ܽ଴ ܽଷ > 0
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Routh’s Tabulation -3

 Case 2 : A zero in the first column, and other 

elements of the same row are nonzero.

 Example 3 :

12

ଶݏ߳
ଷݏସݏହݏ
଴ݏଵݏ

1 22 11104
4߳ − 12߳ ~ − 12߳ = ܣ < 0 ܣ106 − ܣ10߳ ~	610 0000

0

Replace 0 with a small positive ߳ and complete the tabulation

6 00
Two sign changes, 2 roots in RHP, unstable

Roots:
0.8950 + 1.4561i
0.8950 - 1.4561i
-1.2407 + 1.0375i
-1.2407 - 1.0375i
-1.3087

ݍ ݏ = ହݏ + ସݏ2 + ଷݏ2 + ଶݏ4 + ݏ11 + 10



自動控制 ME3007-01 Chap 6 - 林沛群

Routh’s Tabulation -4

 Example 4 : ݍ ݏ = ସݏ + ଷݏ + ଶݏ + ݏ + ܭ ܭ) ≠ 0)

13

ଶݏ߳
ଷݏସݏ
଴ݏଵݏ

1 11 01ܭ
ܭ 00߳ − ߳ܭ ~ − ܭ߳ 0 0

Unstable for all values of K

ܭ 00
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Routh’s Tabulation -5

 Case 3: A row of zeros

 When does this happen?

o

o

o Complex-conjugate roots forming symmetry about the origin

 Solving steps

o Form the auxiliary equation U(s)=0 by using the coefficients from the 

row just preceding the row of zeros

o

o Replace the zeros with coefficients of

o Continue with Routh’s tabulation

14

ݏ + ߪ ݏ − ߪ ≥ ݏݎ݅ܽ݌	1 + ݆߱ ݏ − ݆߱ ≥ ݎ݅ܽ݌	1 marginally stable

unstable

a

b

-
b

-
a

ݏܷ݀݀ = 0 ݏܷ݀݀ = 0
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Routh’s Tabulation -6

 Example 5:

2

ݍ ݏ = ଷݏ + ଶݏ2 + ݏ4 + ݇
8 − ݇2݇

଴ݏଵݏଶݏଷݏ
12 4݇

00
݂݅	0 < ݇ < 8 → ݈ܾ݁ܽݐݏ

݇	݄݊݁ݓ = 8ܷ ݏ = ଶݏ2 + ଴ݏ8 = ଶݏ2 + 8 = ଶݏ)2 + 4)= ݏ)2 + ݏ)(2݆ − Δ	݂݋	ݎ݋ݐ݂ܿܽ	ܽ(2݆ ݏ = 0

Note: ݍ ݏ = ݏ) + ݏ)(2 + ݏ)(2݆ − ݆2)

ݏ݀(ݏ)ܷ݀ = 48ݏ4
The 3rd root is in LHP

ݏݐ݋݋ݎ ± ݆2
݂݅	݇ = 8	 → ݈ܾ݁ܽݐݏ	ݕ݈݈ܽ݊݅݃ݎܽ݉

0 8
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ଶݏ
ଷݏସݏହݏ
଴ݏଵݏ

1 52 4810
Routh’s Tabulation -7

 Example 6:

16

0 0 0
8 0

8 05 07.2

Δ ݏ = ହݏ + ସݏ2 + ଷݏ5 + ଶݏ10 + ݏ4 + 8

Note: (ݏ)ݍ = ݏ) + ݏ)(2 + ݏ)(݆ − ݏ)(݆ + ݏ)(2݆ − 2݆)

ܷ = ସݏ2 + ଶݏ10 + 8 = ସݏ)2 + ଶݏ5 + ݏܷ݀݀(4 = ଷݏ8 + ݏ20 = ଶݏ)2 + ଶݏ)(1 + 4)8 20
The 5th root is in LHP

→ ݈ܾ݁ܽݐݏ	ݕ݈݈ܽ݊݅݃ݎܽ݉
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Routh’s Tabulation -8

 Example 7:

17

(ݏ)ݍ = ହݏ + ସݏ + ଷݏ2 + ଶݏ2 + ݏ + 1
ଶݏ
ଷݏସݏହݏ
଴ݏଵݏ

1 21 1120 0 0
1 0

1 01 00
ܷ = ସݏ + ଶݏ2 + 1 = ଶݏ + 1 ଶܷ݀݀ݏ = ଷݏ4 + ݏ4 + 0ܷ = ଶݏ + ଴ݏ = ଶݏ + ݏ1ܷ݀݀ = ݏ2

݆߱	݊݋	ݏݐ݋݋ݎ	݀݁ݐܽ݁݌݁ݎ − →ݏ݅ݔܽ 4݈ܾ݁ܽݐݏ݊ݑ 4
2

The 5th root is in LHP

Note: ݍ ݏ = ݏ) + ݏ)(1 + ݏ)(݆ − ݏ)(݆ + ݏ)(݆ − ݆)
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The Relative Stability -1

 Motivation

 If the system is absolute stable, then we can think about “how 

stable it is” → Relative stability

 By axis-shifting, we can know how far the original system to the 

unstable margin

18

ߪ
݆߱
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The Relative Stability -2

 Example

19

ݍ ݏ = ଷݏ + ଶݏ4 + ݏ6 + ௡ݏ	ݕݎݐ4 = ݏ + 2
௡ݏݏ

ݍ ௡ݏ = ௡ݏ − 2 ଷ + 4 ௡ݏ − 2 ଶ + 6 ௡ݏ − 2 + 4= ௡ଷݏ − ௡ଶݏ2 + ௡ݏ2 + ௡ݏ	ݕݎݐ0 = ݏ + ݍ1 ௡ݏ = ௡ݏ − 1 ଷ + 4 ௡ݏ − 1 ଶ + 6 ௡ݏ − 1 + 4= ௡ଷݏ + ௡ଶݏ + ௡ݏ + ଵݏଶݏଷݏ1 112 110 ܷ ݏ = ௡ଶݏ + 1 = ௡ݏ) + ௡ݏ)(݆ − ݆)

unstable

Note: ݍ(ݏ௡) = ௡ଶݏ) + ௡ݏ)(1 + ௡ݏ݀(ݏ)ܷ݀(1 = ௡ݏ2 → ݈ܾ݁ܽݐݏ	ݕ݈݈ܽ݊݅݃ݎܽ݉

4 × 6 − 1 × 4 = 20 > 0 stable

1 × 1 − 1 × 1 = 0
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The stability of State Variable Systems

 How to utilize Routh-Hurwitz Criterion

 In transfer function

 In signal-flow graph

 In block diagram

 In state space

20

→ ݍ				 ݏ = Δ ݏ = 0→ →Δ	ݐ݁݃	݋ݐ	݈ܽݑ݉ݎ݋݂	ݏᇱ݊݋ݏܽܯ				 →݊݋݅ݐܿݑ݀݁ݎ	݉ܽݎ݃ܽ݅݀	݇ܿ݋݈ܾ				 					 ݐ݁݀ ܫݏ − ܣ ିଵ
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The End

 Questions?


