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(position/orientation,          velocity, acceleration…)

 Dynamics: The relationships between these motions and 

the forces/torques that cause them

Introduction

 Kinematics: The science of motion that treats 

the subjects without regard to the forces that 

cause it
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Forward Kinematics: Chap 3 Chap 5 Chap 6

Chap 6

Inverse Kinematics: Chap 4
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Manipulator

 Characteristics

 Complex configuration and mechanism

 Actuators are defined in local frames

 Revolute joint or prismatic joint

 What we want to know (Forward kinematics)

– how θi affect P defined in the world frame

 Approach: Affixing frames to the various 

parts of the manipulator and describes their 

relations
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Link Description -1

 Joint

 Each revolute or prismatic joint has 1 DOF

 Rotate about or move along an “axis”

 Link

 The rigid body which connects joints

 Numbering: 

o Link 0: immobile base

o Link 1: first moving link, connecting to Link 0

o Link 2: second moving link

o And so on…
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Link Description -2

 For any two axes in 3-space, there exists a 

well-defined measure of distance between 

them--- mutually perpendicular to both axes
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Axis i-1 Axis i
Link i-1

ିଵLink twistߙ ܽିଵ
Link length

ܽଵ …ܽିଵ and ߙଵ ିଵߙ… well defined
Axis i+1

Link i

ܽ
ߙ
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 Need two more parameters to define the 

relation between neighboring links

Link Connection Description
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Axis i-1 Axis i
Link i-1

ܽܽିଵߙିଵ Link length
Link twist ߠ Joint angle

݀Link offset

Axis i+1
Revolute joint
Prismatic joint

,ߙ) ܽ, ݀, ,ߙ)(ߠ ܽ, ݀, (ߠ
Link i

Varying parameter
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Affixing Frames to Links -1
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ܺିଵ
ܻିଵ ܻܺመܼିଵ መܼ

Axis i-1 Axis i
Link i-1

݀ߠ ܽܽିଵߙିଵ

መܼ Coincident with joint axisܺ Along ܽ (if ܽ ≠ 0)
Perpendicular to መܼିଵ	and መܼ (if ܽ = 0)
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Frame {0} coincides with frame {1}
Affixing Frames to Links -2

 First link (0)
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ܽ = 0 ߙ = 0
ଵߠ = 0Revolute joint

Prismatic joint

ଵߠ arbitrary ݀ଵ = 0݀ଵ arbitrary

Axis 0 Axis 1
Link 0 – Immobile base

ଵ݀ଵߠ ܽଵܽߙ
Link 1

ܺଵܻଵ መܼଵ
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Affixing Frames to Links -2

 Last link (݊)
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ܺିଵ
ܻିଵመܼିଵ ܻܺ መܼ

Axis n-1 Axis n
Link n-1

ିଵߙܽିଵߠ

ܽ = 0 ߙ = 0
ߠ = 0Revolute joint

Prismatic joint

݀ = 0Extend ܺିଵ vector ߠ variable݀ variable
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Summary of DH Notation (Craig)
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ܽ: the distance from መܼ to መܼାଵ measured along ܺ (ܽ > : the angle from መܼߙ(0 to መܼାଵ measured about ܺ݀: the distance from ܺିଵ to ܺ measured along መܼߠ: the angle from ܺିଵ to ܺ measured about መܼ

ܺିଵ
ܻିଵመܼିଵ ܻܺ መܼ

Axis i-1 Axis i
Link i-1

݀ߠ ܽܽିଵߙିଵ
ܽ

Axis i+1

ߙ
Link i

Denavit-Hartenberg
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Derivation of Link Transformations -1

11

Axis i-1 Axis i
Link i-1

ିଵߙ݀ܽିଵߠ ܺିଵ
ܻିଵመܼିଵ ܻ መܼ ܺ

መܼோܺோ መܼொ ܺொ
መܼ ܺ

ܲ	ିଵ = ܶோିଵ ܶொோ ܶொ ܶ ܲ	ܲ	ିଵ = ܶିଵ ܲ	
ܶିଵ = ܶோିଵ ܶொோ ܶொ ܶ= ܶషభ ିଵߙ ܶೃ ܽିଵ ܶೂ ߠ ܶು ݀
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 Thus

 Concatenating link transformations

Derivation of Link Transformations -2
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ܶିଵ = ܶషభ ିଵߙ ܶೃ ܽିଵ ܶೂ ߠ ܶು ݀
=

ߠܿ ߠݏ− 0 ܽିଵߠݏܿߙିଵ ିଵߙܿߠܿ ିଵߙݏ− ିଵߙݏߠݏିଵ݀ߙݏ− ିଵߙݏߠܿ ିଵߙܿ ିଵ݀0ߙܿ 0 0 1
 ଵ ଶଵ ଷଶ ିଵିଶ ିଵ

Frame {n} 相對於 Frame {0} 的空間幾何關係具清楚且量化之定義

在Frame {n} 下表達的向量可轉回 Frame {0} 下來表達
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ܺଷ ܻଷ ଶܮ

 Joint axes

 Common perpendiculars

 መܼ
 ܺ
 ܻ
 Frames {0} and {݊} ଵߠ

ଶܺଶܻଶܺଵܻଵߠ

Example: A RRR Manipulator
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i ିଵߙ ܽିଵ ݀ ߠ
1 0 0 0 ଵߠ
2 0 ଵܮ 0 ଶߠ
3 0 ଶܮ 0 ଷߠ ଵܮ

ଷߠ ଷܮ

ܺ
ܻ

መܼଵ መܼଶ
መܼଷ

ܲ = ,ଷܮ} 0,0}	ଷ
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 Joint axes

 Common perpendiculars

 መܼ
 ܺ
 ܻ
 Frames {0} and {݊} ଵܮ

ଶܮ ଷܮ
Example: A RPR Manipulator
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ܺଵ ܺଶመܼଵ
መܼଶ መܼଷ

ܺଷܻଷ

݅ ିଵߙ ܽିଵ ݀ 1ߠ 0 0 0 ଵ2ߠ 90° 0 ݀ଶ 03 0 0 ଶܮ ଷߠ

ܻଶ݀ଶ

ଵߠ ଷߠ
ܻଵ መܼܻ

ܲ = {0,0, ଷ	ଷ}ܮ
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Example: RRR Manipulator

 ܽଵ = 0መܼଵ and መܼଶ intersect

 Two choices for መܼଶ

 Two choices for ܺଵ

15

機器人簡介 ME5118 Chap 3 - 林沛群

Actuator, Joint, and Cartesian Spaces -1

 Joint space  Cartesian space

 Actuator space  joint space

 Determined by mechanisms which 

transmits the motion from the actuator 

to the joint
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Cartesian space Joint space

,ଵߠ ,ଶߠ … , ܲௐߠ F.K.

I.K.
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Actuator, Joint, and Cartesian Spaces -2

 Example: A leg-wheel transformable robot 
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Wheel

Fast, smooth, and power-efficient 

motion on flat ground

Leg

Rough terrain negotiability 
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Actuator, Joint, and Cartesian Spaces -3

 Wheeled mode Legged mode
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r =
rw , wheel radius

Ackermann steering

Rotation
Rotation

Translation
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Actuator, Joint, and Cartesian Spaces -4

 Leg-wheel motion

19
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Actuator, Joint, and Cartesian Spaces -5

 Kinematic mapping

 Input: Motor speeds

 Output: Leg-wheel motion

in polar coordinate

20

Rotation

Translation
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pp
(p: is the radius of pinion gear)

Joint space
Actuator space
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Summary of DH Notation (Craig) -1
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ܽ: the distance from መܼ to መܼାଵ measured along ܺ (ܽ > : the angle from መܼߙ(0 to መܼାଵ measured about ܺ݀: the distance from ܺିଵ to ܺ measured along መܼߠ: the angle from ܺିଵ to ܺ measured about መܼ

ܺିଵ
ܻିଵመܼିଵ ܻܺ መܼ

Axis i-1 Axis i
Link i-1

݀ߠ ܽܽିଵߙିଵ
ܽ

Axis i+1

ߙ
Link i

Denavit-Hartenberg
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Summary of DH Notation (Craig) -2



22

ܺିଵ
ܻିଵመܼିଵ ܻܺ መܼ

Axis i-1 Axis i
Link i-1

݀ߠ ܽܽିଵߙିଵ
ܽ

Axis i+1

ߙ
Link i

ܶିଵ = ܶோିଵ ܶொோ ܶொ ܶ= ܶషభ ିଵߙ ܶೃ ܽିଵ ܶೂ ߠ ܶು ݀
= ߠܿ ߠݏ− 0 ܽିଵߠݏܿߙିଵ ିଵߙܿߠܿ ିଵߙݏ− ିଵߙݏߠݏିଵ݀ߙݏ− ିଵߙݏߠܿ ିଵߙܿ ିଵ݀0ߙܿ 0 0 1
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ାଵ݀ାଵߙ

Summary of DH Notation (Standard) -1
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: the distance from ܺିଵߠ to ܺ measured about መܼିଵ݀: the distance from ܺିଵ to ܺ measured along መܼିଵܽ: the distance from መܼିଵ to መܼ measured along ܺߙ: the distance from መܼିଵ to መܼ measured about ܺ

Denavit-Hartenberg

ܺ
መܼ

Joint i-1 Joint i
Link i

ାଵܽାଵܽߠ

Joint i+1

ߙ
Link i+1 ܺାଵመܼାଵ
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ାଵ݀ାଵߙ

Summary of DH Notation (Standard) -2
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ܺ

መܼ
Joint i-1 Joint i

Link i

ାଵܽାଵܽߠ

Joint i+1

ߙ
Link i+1 ܺାଵመܼାଵ

ܶିଵ = ܶோିଵ ܶொோ ܶொ ܶ= ܶషభ ߠ ܶೃ ݀ ܶೂ ܽ ܶು ߙ
= ߠܿ ߙܿߠݏ− ߙݏߠݏ ܽܿߠߠݏ ߙܿߠܿ ߙݏߠܿ− ܽߠݏ0 ߙݏ ߙܿ ݀0 0 0 1
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ܺଷ ܻଷ ଶܮ

 Joint axes

 Common perpendiculars

 መܼ
 ܺ
 ܻ
 Frames {0} and {݊} ଵߠ

ଶܺଶܻଶܺଵܻଵߠ

Revisit Example: A RRR Manipulator -1
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i ିଵߙ ܽିଵ ݀ ߠ
1 0 0 0 ଵߠ
2 0 ଵܮ 0 ଶߠ
3 0 ଶܮ 0 ଷߠ ଵܮ

ଷߠ ଷܮ

ܺ
ܻ

መܼଵ መܼଶ
መܼଷ

ܲ = ,ଷܮ} 0,0}	ଷ
Craig DH
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ܺଷ ܻଷ ଶܮ

 Transformation matrices

ଵߠ
ଶܺଶܻଶܺଵܻଵߠ

Revisit Example: A RRR Manipulator -2
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ଵܮ

ଷߠ ଷܮ

ܺ
ܻ

መܼଵ መܼଶ
መܼଷ

ܲ = ,ଷܮ} 0,0}	ଷ
Craig DH

ܶଵ
ܶଶଵ
ܶଷଶ
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 Joint axes

 Common perpendiculars

 መܼ
 ܺ
 ܻ
 Frames {0} and {݊}

ܺଷ ܻଷ ଶܮ
ଵߠ

ଶܻଶߠ
ܺଵܻଵ

Revisit Example: A RRR Manipulator -3
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ଵܮ

ଷߠ ଷܮ

ܺ
ܻ

መܼ መܼଵ
መܼଶܲ = {0,0,0}	ଷ

i ߙ ܽ ݀ ߠ
1 0 ଵܮ 0 ଵߠ
2 0 ଶܮ 0 ଶߠ
3 0 ଷܮ 0 ଷߠ

Joint 0

መܼଷ
Joint 1

Joint 2

ܺଶ
Standard DH

Link 1

Link 2

Link 3
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 Transformation matrices

ܺଷ ܻଷ ଶܮ
ଵߠ

ଶܻଶߠ
ܺଵܻଵ

Revisit Example: A RRR Manipulator -4
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ଵܮ

ଷߠ ଷܮ

ܺ
ܻ

መܼ መܼଵ
መܼଶܲ = {0,0,0}	ଷ

Joint 0

መܼଷ
Joint 1

Joint 2

ܺଶ
Standard DH

ܶଵ
ܶଶଵ
ܶଷଶ

Link 1

Link 2

Link 3
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Revisit Example: A RRR Manipulator -5

 Craig

 Standard
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ܶ.ଷ ܶయ ,ଷܮ] 0,0]	

ܶଷ

ܶଷ
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Example: PUMA 560 -1

 Frames (Craig)
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From www.iisartonline.org

መܼହ

መܼଵ መܼଶ
መܼଷ

መܼସ
መܼ

ܺସ
ܺଵ ܺଷܺଶ

መܼଵ መܼଶ መܼଷ

መܼସ መܼସመܼଷ መܼ መܼହ
ܺସ
ܺହ

ܺଷ

ܻଵ
ܻଶ ܻଷ

ܻସ
ܻସ ܻହ

ܺ ܻ
መܼ

ܺ
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Example: PUMA 560 -2

 DH parameters (Craig)
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݅ ିଵߙ ܽିଵ ݀ ߠ
1 0° 0 0 ଵߠ
2 −90° 0 0 ଶߠ
3 0° ܽଶ ݀ଷ ଷߠ
4 −90° ܽଷ ݀ସ ସߠ
5 90° 0 0 ହߠ
6 −90° 0 0 ߠ

ܺସ
ܺଵ ܺଷܺଶ

መܼଵ መܼଶ መܼଷ

መܼସ መܼସመܼଷ መܼ መܼହ
ܺସ
ܺହ

ܺଷ

ܻଵ
ܻଶ ܻଷ

ܻସ
ܻସ ܻହ

ܺ ܻ
መܼ

ܺ
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Example: PUMA 560 -3

 Transformation matrices
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ܶଵ = ଵߠܿ ଵߠݏ− 0 ଵߠݏ0 ଵߠܿ 0 00 0 1 00 0 0 1
ܶଶଵ = ଶߠܿ ଶߠݏ− 0 00 0 1 ଶߠݏ−0 ଶߠܿ− 0 00 0 0 1
ܶଷଶ = ଷߠܿ ଷߠݏ− 0 ܽଶߠݏଷ ଷߠܿ 0 00 0 1 ݀ଷ0 0 0 1

ܶସଷ = ସߠܿ ସߠݏ− 0 ܽଷ0 0 1 ݀ସ−ߠݏସ ସߠܿ− 0 00 0 0 1
ܶହସ = ହߠܿ ହߠݏ− 0 00 0 −1 ହߠݏ0 ହߠܿ 0 00 0 0 1
ܶହ = ߠܿ ߠݏ− 0 00 0 1 ߠݏ−0 ߠܿ− 0 00 0 0 1
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Example: PUMA 560 -4

 Combining transformation matrices -1

33

ܶସ = ܶ ܶ =ହହସ ܿହܿ −ܿହݏ ହݏ− ݏ0 ܿ 0 ହܿݏ0 ݏହݏ− ܿହ 00 0 0 1
ܶଷ = ܶସଷ ܶସ = ܿସܿହܿ − ݏସݏ −ܿସܿହݏ − ସܿݏ −ܿସݏହ ܽଷݏହܿ ݏହݏ− ܿହ ݀ସ−ݏସܿହܿ − ܿସݏ ݏସܿହݏ − ܿସܿ ହݏସݏ 00 0 0 1
ܶଷଵ = ܶଶଵ ܶଷଶ = ܿଶଷ ଶଷݏ− 0 ܽଶܿଶ0 0 1 ݀ଷ−ݏଶଷ −ܿଶଷ 0 −ܽଶݏଶ0 0 0 1
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 Combining transformation matrices -2

34

ܶଵ = ܶଷଵ ܶଷ = ଵଵଵݎ ଵଶଵݎ ଵଷଵݎ ଶଵଵݎ௫ଵ ଶଶଵݎ ଶଷଵݎ ଷଵଵݎ௬ଵ ଷଶଵݎ ଷଷଵݎ ௭ଵ0 0 0 ଵଵଵݎ1 = ܿଶଷ[ܿସܿହܿ − ଶଵଵݎݏହݏଶଷݏ-[ݏସݏ = ସܿହܿݏ− − ܿସݏݎଷଵଵ = ଶଷ[ܿସܿହܿݏ− − ଵଶଵݎହܿݏ]-ܿଶଷݏସݏ = −ܿଶଷ ܿସܿହݏ + ସܿݏ + ଶଶଵݎݏହݏଶଷݏ = ݏସܿହݏ − ܿସܿݎଷଶଵ = ݏଶଷ[ܿସܿହݏ + ଵଷଵݎݏହݏସܿ]+ܿଶଷݏ = −ܿଶଷܿସݏହ − ଶଷଵݎଶଷܿହݏ = ଷଷଵݎହݏସݏ = ହݏଶଷܿସݏ − ܿଶଷܿହ௫ଵ = ܽଶܿଶ + ܽଷܿଶଷ − ݀ସݏଶଷ௬ଵ = ݀ଷ௭ଵ = −ܽଷݏଶଷ − ܽଶݏଶ−݀ସܿଶଷ
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 Combining transformation matrices -3

35

ܶ = ܶଵ ܶଵ = ଵଵݎ ଵଶݎ ଵଷݎ ଶଵݎ௫ ଶଶݎ ଶଷݎ ଷଵݎ௬ ଷଶݎ ଷଷݎ ௭0 0 0 ଵଵݎ1 = ܿଵ[ܿଶଷ ܿସܿହܿ − ହݏସݏ − +[ହܿହݏଶଷݏ ସܿହܿݏ)ଵݏ + ܿସݏ)ݎଶଵ = ଵ[ܿଶଷݏ ܿସܿହܿ − ݏସݏ − [ହܿݏଶଷݏ − ܿଵ(ݏସܿହܿ + ܿସݏ)ݎଷଵ = ଶଷ(ܿସܿହܿݏ− − ଵଶݎହܿݏ)-ܿଶଷݏସݏ = ܿଵ ܿଶଷ −ܿସܿହݏ − ସܿݏ ݏହݏଶଷݏ+ + ଵ(ܿସܿݏ − ଶଶݎ(ݏସܿହݏ = ଵݏ ଶଷݏ −ܿସܿହݏ − ସܿݏ ݏହݏଶଷݏ+ − ܿଵ(ܿସܿ − ଷଶݎ(ݏସܿହݏ = ݏଶଷ(−ܿସܿହݏ− − ଵଷݎݏହݏସܿ)+ܿଶଷݏ = −ܿଵ(ܿଶଷܿସݏହ+ݏଶଷܿହ)- ଶଷݎହݏସݏଵݏ = ଷଷݎହݏସݏଵܿ+(ଶଷܿହݏ+ହݏଶଷܿସܿ)ଵݏ− = ହݏଶଷܿସݏ − ܿଶଷܿହ௫ = ܿଵ ܽଶܿଶ + ܽଷܿଶଷ − ݀ସݏଶଷ − ݀ଷݏଵ௬ = ଵ[ܽଶܿଶݏ + ܽଷܿଶଷ − ݀ସݏଶଷ]+݀ଷܿଵ௭ = −ܽଷݏଶଷ − ܽଶݏଶ − ݀ସܿଶଷ
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終

 Questions?


