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Chap 3 Manipulator Kinematics
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* Introduction
|
o Kinematics: The science of motion that treats
the subjects without regard to the forces that
cause it
(position/orientation, velocity, acceleration...)
Forward Kinematics: Chap3 Chap 5 Chap 6

Inverse Kinematics: Chap 4

o Dynamics: The relationships between these motions and

the forces/torques that cause them
Chap 6
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* Manipulator
|

o Characteristics

+ Complex configuration and mechanism
+ Actuators are defined in local frames

+ Revolute joint or prismatic joint

o What we want to know (Forward kinematics)

— how 6, affect /~ defined in the world frame
WP =£(64,0,,..,0,)
o Approach: Affixing frames to the various
parts of the manipulator and describes their

relations

* Link Description -1
1
o Joint

+ Each revolute or prismatic joint has 1 DOF

+ Rotate about or move along an “axis”

a Link Link 3 4

3
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+ The rigid body which connects joints §

+ Numbering:
o Link O: immobile base
o Link 1: first moving link, connecting to Link O
o Link 2: second moving link

o Andsoon...

Link O ‘
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* Link Description -2
|
o For any two axes in 3-space, there exists a

well-defined measure of distance between

them--- mutually perpendicular to both axes
Axis i+1

a ...a,_1 and a4 ... a,_, well defined

Axis i-1 AXxis i
Link i-1
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* Link Connection Description

|
o Need two more parameters to define the

relation between neighboring links

Revolute joint  (a;, a;, d;, 6;)

Prismatic joint (@i, @i, d;, 6;)
Varying parameter

Axis i

Axis i+1

Axis i-1

Link i-1

Link offset
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, /. 68; Joint angle
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* Affixing Frames to Links -1
|
a

Z; Coincident with joint axis
Xi Along a; (lf a; 0)
Perpendicular to Z;_; and Z; (if a; = 0)

Axis i-1 Axis i

* Affixing Frames to Links -2
1

o First link (0)

Frame {0} coincides with frame {1} a; =0 «ay=0

Revolute joint 0, arbitrary d; =0

Prismatic joint d, arbitrary 6, =0

Axis O AXxis 1




* Affixing Frames to Links -2
|

o Last link (n)

Extend X,,_, vector a,=0 a,=0
Revolute joint 0, variable d, =0
Prismatic joint d, variable 6, =0

Axis n-1 Axis n

* Summary of DH Notation (Craig)

' Denavit-Hartenberg R
o a;: the distance from Z; to Z;,; measured along X; (a; > 0)

a;: the angle from Z; to Z;,; measured about X;
d;: the distance from X;_, to X; measured along Z;

6;: the angle from X;_, to X; measured about Z;

Axis i-1
Link i-1
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‘ Derivation of Link Transformations -1
|

o i-1p — i-1lpip
l
i=1p = AT RTSTRTP

A 0
AT = RTGTSTRT
=Tg,_(@i-1)Tx,(a;-1)T3,(0:)Tz,(d;)

Axis i-1 Axis i

.o

‘ Derivation of Link Transformations -2
!

o Thus

AT =Ty, (a;1)Tx, (ai-1)Tz,(6:)Tz,(d;)

Cei —Sei 0 ai—1
sO;ca;_4 cOicaj_q —sa;_1 —Sa;_1d;
sO;sa;_q4 cOisai_4 caj_q caj_1d;

0 0 0 1

o Concatenating link transformations
__ 012 —2mn—1
,({T = {T5T5T ... _4T" ;T
Frame {n} 1H¥ S Frame {0} WZEE 4 TBEGRESFZHE L2 EE
EFrame {n} NEREMN D E0JEE[D] Frame {0} NRFRE
12 =‘




* Example: A RRR Manipulator
|

o Joint axes

o Common perpendiculars  3p = 1, 0,0}

Q

wWiN|P|—

* Example: A RPR Manipulator
1
d,

[—p|

o Joint axes

o Common perpendiculars 7, X iz X,

EIZl'

EIXL'

A~

o Y

o Frames {0} and {n}

i -1 | Q-1 | d; 0;

0 0 0 0,

90° 0 d, 0

W N[ =

0 0 L, | 6,
14 ‘




* Example: RRR Manipulator
|
a a1 = O

Z, and Z, intersect

+ Two choices for Z,

dy =10 dy =Ly dy

+ Two choices for X;

* Actuator, Joint, and Cartesian Spaces -1
1

o Joint space < Cartesian space

WP 81,82, ""911

Cartesian space Joint space

o Actuator space < joint space

+ Determined by mechanisms which
transmits the motion from the actuator

to the joint




! Actuator, Joint, and Cartesian Spaces -2

o Example: A leg-wheel transformable robot

——

“‘“ Leg

__ Rough terrain negotiability
17 d

¥ E 4 f§j 4 ME5118 Chap 3 - it %

! Actuator, Joint, and Cartesian Spaces -3

o Wheeled mode Legged mode

Rotation

Hip joint

Leg-wheel center
Leg-wheel center

Active rotational motion

Wheel Active rotational motion Active translational motion

Half-circle leg

Ackermann steering

{8 £ fj 4 ME5118 Chap 3 - it 3%




! Actuator, Joint, and Cartesian Spaces -4

o Leg-wheel motion

#E 4§ 4 ME5118 Chap 3 - Hhip 3

! Actuator, Joint, and Cartesian Spaces -5

o Kinematic mapping .
+ Input: Motor speeds ¢., ¢f_7
+ Output: Leg-wheel motion & r

in polar coordinate

. [6] [1 0]4¢
Joint space ¢=| ={ }@
)4 -p P ¢2

(p: is the radius of pinion gear) h spoke

{8 £ fj 4 ME5118 Chap 3 - it 3%




* Summary of DH Notation (Craig) -1

| Denavit-Hartenberg R
o a;: the distance from Z; to Z;,; measured along X; (a; > 0)

a;: the angle from Z; to Z;,; measured about X;
d;: the distance from X;_, to X; measured along Z;

6;: the angle from X;_; to X; measured about Z;

Axis i-1
Link i-1

-
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* Summary of DH Notation (Craig) -2
1
a

e i 0
AT = VRTETETAT

= T, (@i-1)T5, (@) T2, (0)T2,(dy)
[ C9i —Sgi 0 a—q
sO;ca;_qy cOicaj_; —sa;_1 —Sa;_1d;

sO;sa;_qy cO;saj_q caj_q ca;_1d;
0 0 0 1

Axis i-1
Link i-1

-
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* Summary of DH Notation (Standard) -1

' Denavit-Hartenberg X
o 6;: the distance from X;_; to X; measured about Z;_,

d;: the distance from X;_; to X; measured along Z;_,
a;: the distance from Z;_, to Z; measured along X;

a;: the distance from Z;_; to Z; measured about X;

Joint i+1

Joint i-1 Joint i

~~
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* Summary of DH Notation (Standard) -2

0 AT = SATETSOTRT
=Tz,_,0)T2,(d)T5,(a:)Tg,(a;)

cO; —sO;ca; sO;sa; a;ch;]
_|s6; cOica; —cO;sa; a;sO;
10 sa; ca; d;

L 0 0 0 1

Joint i+1

Joint i-1 Joint i
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* Revisit Example: A RRR Manipulator -1
' Craig DH

o Joint axes
o Common perpendiculars  3p = 1, 0,0}
a Z;
o X;

a Y

o Frames {0} and {n}

[ ai_1 | ai—q d; 0;
1 0 0 0 0,
2 0 Lq 0 0,
3 0 L, 05

* Revisit Example: A RRR Manipulator -2
1

_ ~ Craig DH
o Transformation matrices

(Cos[tl] -Sin[tl] 0 0)
0 Sin[tl] Cos[tl] 0 O
T :

0 0 1 0
\ ':} l:} Ij l J
(Cos[t2] -Sin[t2] 0 L1
1 Sin[t2] Cos[t2] 0 O
ZT 0 0 1 0
0 0 D 1 )
(Cos [E3] =Sin[E3] 0O L2

Sin[t3] Cos[t3] O




Revisit Example: A RRR Manipulator -3

e

o Joint axes

o Common perpendiculars

a Efi

Standard DH

[ a; a; d; 0;
1 0 Lq 0 64
2 0 L, 0,
3 0 Li 0 05

Revisit Example: A RRR Manipulator -4

e

-8in[t1]
Cos[tl]
0
0

-Sin[t2]
Cos[t2]

-Sin[t3]
Cos[t3]
]

0

_ ~ Standard DH
o Transformation matrices

Ll Cos[tl]
L1 Sin[tl]
0
1

L2 Cos[t2] )
L2 8in[t2]

Joint 2

Y
Y, Joint 1
Link 1




* Revisit Example: A RRR Manipulator -5
|

+ Craig
((Cos[tl+t2+t3] -8Sin[tl+t2+t3] 0|LlCos[tl] +L2Cos[tl +t2]
Or |[sinltl+t2+t3] Cos[tl+t2+t3] 0|LlSin[tl]+L2Sin[tl+t2]
3 0 0 1 0
0 0 0 1

5T.Tg,([L3,0,0])

(|ICos[tl+t2+t3] -Sin[tl+t2+t3] O0|LlCos[tl] +L2Cos[tl+t2] +L3Cos[tl+t2+t3])
Sin[tl+t2+t3] Cos[tl+t2+t3] O0|Ll1Sin[tl] +L2Sin[tl+t2]+L3Sin[tl +t2+t3]
0 0 1 0
\ 0 0 0 1 )
+ Standard

Cos[tl+t2+t3] -Sin[tl+t2+t3] 0| LlCos[tl] +L2Cos[tl+t2] +L3Cos[tl+t2+t3])
Sin[tl+t2+t3] Cos[tl+t2+t3] O|LlSin[tl]+L2Sin[tl+t2]+L3Sin[tl+t2+t3]
0 0 1 0

{ 0 0 0 1
29 l‘

"8 Example: PUMA 560 -1
!

o Frames (Craig)

Ys




™8 Example: PUMA 560 -2

|
o DH parameters (Craig)

i ai_q a_q1 d; 0;
1 0 0 04
2 -90 0 0 0,
3 0 a, ds; 05
4 -90 as dy 0,
5 90 0 0 05
6 -90 0 0 Oe

™8  Example: PUMA 560 -3
|

o Transformation matrices

(c8; —sB; 0 O]
o — s6; c¢c6; 0 O
! 0 0 10
L 0 0 0 1l
[ cO, —sB, 0 O]
17 _ 0 0 1 0
2 —-sf, —cO, 0 O
0 0 0 1l
(cO; —sO; 0 a,]
2T — 583 C03 0 0
3 0 0 1 ds
L 0 0 0 1.

—C04 _594 O
sp | O 0 1
4 —s8, —cb, O

L0 0 0

-C05 —595 0
am | O 0 -1
5T = s6s cBs 0

L 0 0 0

-C96 _596 0
s» | 0 0 1
ol = —s0s —cBg O

0 0 0

32
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™8  Example: PUMA 560 -4
!
o Combining transformation matrices -1
(C5Cq —CsSg  —Sg 0]
4 _ 4mp5m _ | Se Ce 0 0
T = :2T2T =
6 >' 6 SsCq —ScSg € 0
L 0 0 0 1]
[ C4C5C6 - S4S6 _C4C5S6 - S4C6
gT — 2T461-T — 55C6 _5586
—S4C5Cq — C4Sg  S4C5Sg — CuCg
i 0 0
[ C23 —Sp3 0 acy |
%T _ 1T§T _ 0 0 1 ds
—Sy3 —C3 0 —as;
L0 0 0 1

—C4Ss

S4S5

"

o Combining transformation matrices -2

e = 3TeT =

-1 1 1 1. -
11 12 13 Px
1 1 1 1
21 22 23 Py
1 1 1 1
31 I3 33 Pz

L0 0 0 1 4

17”11 = C3[€4C5C6 — 545615235556
17‘21 = T853C5C6 — (456

17”31 = —523[C4C5C6 — S456]-C2355C6
Y1y = —Ca3[CacsSe + 5aC6] + S235556
17”22 = S54C55¢ — C4Ce

'rsy = Sp3[cacssg + 54C6)+Ca35556
17”13 = TC23C4S5 — 523C5

ry3 = 5455

17'33 = 523C4S5 — C23C5

' = ay6, + a3C53 — dySp3

1py =d;

1,

Pz = —A3S23 — A5~ d4Cy3




"

o Combining transformation matrices -3

1 T2 T3 Dy

o7 = 0717 = 21 T22 123 Dy
31 132 733 Pz
0 0 0 1
11 = €1[ca3(caCsC6 — S4S5) — S2355C5]+ 51(54C5C6 + €4S6)
121 = S1[c23(CaCsCe — $456) — S2355C6] — €1(S4C5C6 + €4S6)
31 = —S33(C4C5C6 — 5456)=C2355C6
T12 = C1[€23(—C4C556 — $4C6)+5235556] + 51(C4C6 — S4C5S6)
T22 = S1[S23(—CaC556 — 54C6)+S235556] — €1(C4C6 — 54C5S6)
32 = —S23(—C4C556 — S4C6)+C235556
T13 = —€1(€23€4S5+523C5)" $15455
123 = —51(€23C€4S5+523C5) 15455
T33 = 523C4S5 — €23C5
Px = €1lazcy + azcyz — dysz3] — dssy
Dy = S1[a2¢; + azcy3 — dySy3]+dscy
Pz = —A3523 — A3S2 — d4Cy3
35

o Questions?

36




