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Chap 4 Inverse Manipulator Kinematics
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* Let's start here...
!

o Forward kinematics of manipulators

Given 6; in “T, calculate "{H} or P
wT = f(04,...,0;, ...,0,)
Wp=WT'p,i=1,..,n

o Inverse kinematics — This chapter

Given "{H} or P, calculate 6; in T

[91' "'10i1"'16n]: f_l(VIlI/T)




™8 Solvability -1
|
o Assuming a robot has 6 DOFs

+ 6 unknown joint angles (or displacements) (61, 6,,03,04,05,6,)

o Given §T : 16 values
+ 9 from rotation matrix (6 constraints, only 3 independent equations)

+ 3 from translational displacement (3 independent equations)

+ 4 trivial (4" row: [0 0 0 1])
o Thus, 6 equations & 6 unknowns

+ Nonlinear transcendental equations

o

™8 Solvability -2
|
o Reachable workspace

+ The volume of space that the robot end-effector can reach in at

least one orientation

o Dexterous workspace
+ The volume of space that the robot end-effector can reach with all

orientations

Reachable workspace 1,

1>

I, Dexterous workspace

l1>l2 l1:l2
4 ‘




* Subspace
i

o Using a 2-DOF RP manipulator as an example
A ZA1

+ Variables (x,7) (x,y)

E

OZ2
. i
Jery ||| o
O = |—= 0 4 y
0 -1 0 0

™8 Solvability -3
!
o Number of solutions

+ Depend on number of joints
+ Also depends on link parameters

Ex: A manipulator with 6 rotational joints

a; Number of solutions
m=a=as=10 =4
a;=as =0 =38
i3 = 0 = 16
Alla;=0 =16




™8 Solvability -4
!

o Ex: PUMA (6 rotational joints)

+ 8 different solutions

+ Four by variation of position
structure
Shown here

+ (For each position structure), two by

variation of orientation structure
6, =0, + 180"

05 = —0s

6, = 05 + 180

+ Some of them may be inaccessible
. ‘

™8 Solvability -5
!

o When multiple solutions exist

+ Solution selection criteria

» Closest solution

o Avoid Obstacles




™8 Solvability -6
|
o Method of solution

+ Solvable: the joint variables can be determined by an algorithm that
allows one to determine ALL the sets of joint variables associated
with a given position and orientation

o Closed-form solutions — by algebraic method or geometric method
o Numerical solutions
+ Now virtually all industrial manipulators has a closed-form solution

o Sufficient condition: three neighboring joint axes intersect at a point

g

* Example: A 3-DOF RRR Manipulator -1
|
o Inverse kinematics problem (6,,6,,65) =?

+ Forward kinematics

(€123 —S123 0.0 iy + L] p 63

o7 — [S123 €123 0.0 [3s51 + 13515

3 7100 00 1.0 0.0
0 0 0 1
+ Goal point

Cop  —S¢ 0.0 x1
or — |S¢  Co 00 vy

0.0 0.0 1.0 o0.0 R
Lo 0 o0 1. Z1




* Example: A 3-DOF RRR Manipulator -2

|
o Geometric solution: Decompose the spatial

geometry into several plane-geometry problems

x2 +y% = 1 + 12 — 2l,1,c0s(180° — 6,) P 9/31
(x,y)

_x2+y2—lf—l§

. 0
‘2 211, ;
gare 0,
x“+y +1f—1
cosp = y 1 L2 " /

2114/ x? + y? 4

=AFRAA 0 <y < 180°

_latan2(y,x) +¢ 0, <0
" atan2(y,x) =y 6, >0°

0;=¢ —0;, —0, ‘
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* Example: A 3-DOF RRR Manipulator -3

|
o Algebraic Solution

+ Setup equations
[C123 —S123 0.0 ljcy + 1zcq5

Cp = C
¢ 123 or — [S123 €123 0.0 151+ [p517
S¢ = S123 3 00 00 10 0.0
_ L 0 0 0
X = llcl + l2C12 [cp —S¢p 00 x
Y = 1151 + 13517 =[50 < 00y
0.0 0.0 1.0 00
+ Solve 6, L 0 0 0 1

xz + yZ = l12 + l22 + 2l1l2C2
_xz +y2 _l12 —l22
2 = 201,

> 1 or < 1: too far for the manipulator to reach

|:> within 1: “two solutions” 6, = COS_l(Cz)
12 ‘




* Example: A 3-DOF RRR Manipulator -4
1
+ Put 6, back to the equations

X = (ll + lZCZ)Cl + (—lzsz)sl — klcl — szl

y = +1c)s1 + (I383)cq 2 kysy + kyoq

+ Change variables

define then
7‘=-|-\/k12+k22 ki =T cosy
y = Atan2(k,, ky) ey = Tsiny
And then
X
— = cosy cos 01 — siny sin 6, = cos(y + 6;)
y : : o
o= cosy sin @4 + siny cos 6, = sin(y + 6,)

™8  Example: A 3-DOF RRR Manipulator -5
!

+ Solve 6,

y x
Yy + 60, = Atan2 (;,;) = Atan2(y, x)

[> 0, = Atan2(y,x) — Atan2(k,, k,)

Eezigzzﬁﬁi , CZ*”SZ%EJ ’ klﬂlkzﬁ@] ) 91&&&%%@
+ Solve 6,4

0 +0,+6; = Atan2(5¢, C¢) = ¢

© 65=¢—-6,-6,




* Solution by Reduction to Polynomial -1
|

o Transcendental equations (nonlinear)

+ Ex: How to solve 8 of the following this equation?

acosf + bsinf = c¢

+ Method: Change to polynomials

Polynomials closed-form-solvable — up to 4 degree

0 1—u? _ 2u
tan > = U, C089=1+u2, sm6?=1+u2

.o

* Solution by Reduction to Polynomial -2
|
+ Solution:

acosO + bsinf = c
1 —u? 2u

+ —
1+ u? 1+ u?

a

(a+ )u*-2bu+(c—a) =0

b +Vb? + a? — c?
u=— Vb2 + a, b, cK/\NERE, T—EB#E

a+c

b+ Vb2 + a? — c2

6 = 2tan"1( .

fatc=0 > 6=180

.5




* Pieper’s Solution -1
|
o A 6-DOF manipulator which has three

consecutive axes intersect at a point

has a closed-form solution

WKIST ROTATION 320

o Usually,

the last three joints intersect
+ First 3 DOFs - positioning

+ Last 3 DOFs - orientation

o Here, RRRRRR as an example f;

: DS == WRIST
4
PUMA 560, image from www.iisartonline.org
17 |

0 _ 0
¢ Psore = Paore

* Pieper’s Solution -2
|
o Positioning structure

o KA 3EO,, 0,, 0B E

Cel _Sgl 0 ai—l
Note: i-iT = [SOic®i-1 cOicaiy —saiy —saiqd;
X ] ' sO;sa;_q cOjsai_, caj_q  caj_qd;
y 0 0 0 1
— 0 — Op1p2p 3
2| = Paore = 1T2T5T "Pyorg
1 a3 f1(63)
= 07lT2T —d4Saz| _ oT1T f2(63)
dycas f2(63)
L1 L1
SO 4t column of 3T
f1(63) as %0, 0, ;BB DB - fR0;KE]
f205)| Z 27 —dysas f1(63) = azcs + dysazss + a;
f2(0)|  * | dacas f2(03) = azcays; — dysazcaycy — dysacaz — dzsa;
1 1 f3(03) = azsa,s3 — dysazsayc3 + dycazcas + dzcas

18




* Pieper’s Solution -3
1

+ Next o i i ] i _ -
X f1(63) g1(63) €191 — $192
y 0 0 5191 t €192
OP40RG =7 = oTiT f2(63) = 0T 92(63) _
f3(63) g3(653) 93
1) |1 L1
E:%Bl, 92, 93@%%%& ’ g%ez, leﬁgﬂ
91(02,03) = c2fi —s2fa + a4
g2(02,03) = sycaqfy + cycaqf; —sagfs —dysay
g3(02,03) = sycasfi + cacaqf; + cagfs + dycay
r=x2+y?>+z2=g9%+g%+ g3 r&50,, 05K E]

=fe+ A+ ff+af+d5+2dofs + 2a.(c2f1 — S2f2)

= (k1C2 + k232)2a1 + k3

ki(63) = f1
k,(63) = —f>

k3(03) = f2 + fF + ff +af +d5 + 2d,fs

-8

* Pieper’s Solution -4
I
+ In addition

Z =03 = (klsz — szz)S(ll + k4 Z1%2%92, 03@§Q

ki(03) = f1
k2(63) = —f2
+ Consider r and z together k4(03) = fzcay + dycay

r = (k1C2 + k252)2a1 + k3
Z = (k]_SZ — szz)Sal + k4_

o If a; = 0, r = k3(63) = f12 +f22 +f32 + a% + d% + 2d2f3
o If Sa, = 0, zZ = k4(93) = fgcal + dzcal

o Else

say(r — k3)2 N (z - k4)2

=k?+ k3
4a? s?a, veTe

E> Solve @, of all three cases by using "u = tan(

Z3
2

e




* Pieper’s Solution -5
i

+ Finally
Using r = (k¢ + ky5,)2a4 + ks to solve 6,

US|ng X = C1g1(92, 93) - 5192(92, 93) tO SOIVe 91

o Orientation

¢ 04, 0,, 05 are known
3p _ 0p-10
oR = 3R ¢R

+ Using Z-Y-Z Euler angle to solve 6,, 6z, 6,

21
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* The Standard Frames
!

o Base. wrist. tool. station. and aoal frames

G}

22
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* Technical terms
|

o Resolution (Repeatability)

+ How precise a manipulator can return to a given point

o Accuracy

+ The precision with which a computed point can be attained

|
o Questions?




