
機器人簡介 ME5118 Chap 5 - 林沛群 11

機器人簡介（ME5118）

Chap 5 Jacobians: Velocities and Static Forces

林沛群

國立台灣大學

機械工程學系

機器人簡介 ME5118 Chap 5 - 林沛群

 Differentiation of a position vector ொܲ
Time-varying Position and Orientation -1

2

Derivative of position vector ொܲ relative to frame {ܤ}( ொܸ) = ( ݐ݀݀ ொܲ )
ொܸ = ݐ݀݀ ொܲ = lim௧→ ொܲ ݐ + Δݐ − ொܲ ݐΔ(ݐ)

Expressed in frame {ܣ}= ܴ ( ொܸ) = ܴ ொܸ
When both frames are the same߭ = ܸ	ைோீ

Velocity of the origin of frame {ܥ} relative to the 
universe reference frame {ܷ}
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Time-varying Position and Orientation -2

 Example

3

்ܸ = 100ଓ̂
ܸ = 30ଓ̂

( ்ܸ 	ைோீ ) = ்ݒ = ܴ (்ݒ) = ܴ 100ଓ̂ = ܴ ିଵ100ଓ̂( ݐ݀݀ ܲ	ைோீ ) = ܸ	ைோீ = ߭ = 30ଓ̂
( ܸ	ைோீ் ) = ்ܴ ( ( ܸ	ைோீ் ))் = ்ܴ ( ܸ	ைோீ)்= ܴ ்ܴ (−70ଓ̂) = − ܴିଵ ்ܴ 70ଓ̂

Craig, Figure 5.1
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Time-varying Position and Orientation -3

 Angular velocity vector Ω
 The rotation of frame {ܤ} relative to frame {ܣ}
 Direction of Ω : The instantaneous axis of rotation

 Magnitude of Ω : The speed of rotation

4

( Ω )
Expressed in frame {ܥ}

߱ = Ω
Angular velocity of frame {ܥ} relative to the universe 
reference frame {ܷ}

{ܤ} {ܣ}
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Rigid Body Motion -1

 Freshman Dynamics

5

r=xIመ + yJመ= r + r/= xIመ + yJመ + (x/Iመ + y/Jመ)
= xIመ + yJመ + /ଓ̂ݔ) + =̂(/ȷݕ r + /ݎ
ݒ = rሶ =xሶ Iመ + ሶݕ Jመ

= xሶ Iመ + ሶݕ Jመ + (x/ሶ Iመ + /ሶݕ Jመ)
diff.

= rሶ + r/ሶ
{ܷ}

r
r

r/

ܼ
ܺ

ܻ
ݖ

ݔ
ݕ ܣ

ܤ
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Rigid Body Motion -2



6

ݒ = rሶ + =/ሶݎ xሶ Iመ + ሶݕ Jመ + /ሶݔ) ı̂ + /ሶݕ ȷ)̂ /ݔ)+ ଓ̂ሶ + =(/ଔ̂ሶݕ /ݔ (ω × ı̂) + (ω	/ݕ × ଔ̂)

߮(ݐ)̂݁
݁̂ sin߮ 

ω

ݐ)̂݁ + Δݐ)
ߠ݀̂݁݀

ω = ሶߠ
Magnitude:

Direction:

݀݁̂ = ݁̂ ߠ݀߮݊݅ݏ
݀݁̂						݁̂݀݁̂						ω݁̂ሶ = ω × ݁̂

݁̂ሶ = ݁̂ =ሶߠ߮݊݅ݏ ݁̂ ω ߮݊݅ݏ
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Rigid Body Motion -3

 Thus, 

7

ݒ = xሶ Iመ + ሶݕ Jመ + /ሶݔ) ı̂ + /ሶݕ ȷ)̂ + ω × /ଓ̂ݔ) + =̂(/ȷݕ xሶ Iመ + ሶݕ Jመ + /ሶݔ) ı̂ + /ሶݕ ȷ)̂ + ω × (x/Iመ + y/Jመ)ݒ = ݒ + ݒ + ω × /ݎ

{ܣ}
r/

ܼ ܺ
ܻ

ݖ
ݕݔ ொܲ

ொܸ{ܤ} = ܸ	ைோீ + ܴ ொܸ + Ω × ܴ ொܲ
“relative” velocity

{ܷ}
r
r

r/

ܼ
X

ܻ
ݖ

ݕݔ ܣ
relative” velocity“ܤ
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 Strategy: Represent linear and angular velocities 

of link ݅ in frame {݅}, and find their relationship to 

those of neighboring links  

Velocity “Propagation” from Link to Link -1

8

ݒ
ܲ ାଵ

߱
ାଵାଵݒ

߱ାଵାଵ

ܺ
ܻመܼ ܺାଵ

ܻାଵ መܼାଵAxis i
Axis i+1

Link i

ሶߠሶାଵߠ
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Velocity “Propagation” from Link to Link -2

 Rotational Joint (Link i+1)

 Angular velocity propagation

 Linear velocity propagation

9

߱ାଵ = ߱ + ܴାଵ ሶାଵߠ መܼାଵାଵ
ሶାଵߠ መܼାଵାଵ = ሶାଵߠ00

ାଵܴାଵ߱ାଵାଵ = ܴାଵ ߱ + ሶାଵߠ መܼାଵାଵ
߭ାଵ = ߭ + ߱ × ܲାଵ
߭ାଵାଵ = ܴାଵ ( ߭ + ߱ × ܲାଵ )ܴାଵ ܺ

ܻመܼ
ݒ

ܺାଵ
ܻାଵ መܼାଵ

ܲ ାଵ
߱

ାଵାଵݒ
߱ାଵାଵAxis i

Axis i+1

Link i

ሶߠሶାଵߠ
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 Prismatic joint (Link i+1)

 Angular velocity propagation

 Linear velocity propagation

Velocity “Propagation” from Link to Link -3

10

߱ାଵାଵ = ܴାଵ ߱

߭ାଵାଵ = ܴାଵ ߭ + ߱ × ܲାଵ + ሶ݀ାଵ መܼାଵାଵ

߱ାଵ = ܴ߱ାଵ

߭ାଵ = ߭ + ߱ × ܲାଵ + ܴାଵ ሶ݀ାଵ መܼାଵାଵ
ሶ݀ାଵ መܼାଵାଵ = 00ሶ݀ାଵ

ାଵܴାଵ

ܺ
ܻመܼ

ݒ

ܺାଵ
ܻାଵ መܼାଵ

ܲ ାଵ
߱

ାଵାଵݒ
߱ାଵାଵAxis i

Axis i+1

Link i

ሶߠሶାଵߠ
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Jacobians -1

 A multidimensional form of the derivative

11

ଵݕ = ଵ݂	(ݔଵ, ,ଶݔ ,ଷݔ ,ସݔ ,ହݔ ଶݕ(ݔ = ଶ݂	(ݔଵ, ,ଶݔ ,ଷݔ ,ସݔ ,ହݔ (ݔ
ݕ = ݂	(ݔଵ, ,ଶݔ ,ଷݔ ,ସݔ ,ହݔ ⋮(ݔ
ܻ = (ܺ)ܨ
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 Calculating the differentials of ݕ as a function of 

differentials of ݔ
Jacobians -2

12

ଵݕߜ = ߲ ଵ݂߲ݔଵ ଵݔߜ + ߲ ଵ݂߲ݔଶ ଶݔߜ +⋯+ ߲ ଵ݂߲ݔ ଶݕߜݔߜ = ߲ ଶ݂߲ݔଵ ଵݔߜ + ߲ ଶ݂߲ݔଶ ଶݔߜ +⋯+ ߲ ଶ݂߲ݔ ݔߜ
ݕߜ = ߲ ݂߲ݔଵ ଵݔߜ + ߲ ݂߲ݔଶ ଶݔߜ +⋯+ ߲ ݂߲ݔ ⋮ݔߜ

ܻߜ = ߲ܺܨ߲ ܺߜ = ሶܻܺߜ(ܺ)ܬ = (ܺ)ܬ ሶܺ Function of ܺ, if ݂ is nonlinear

Jacobian, “linear transformation”
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Jacobians -3

 In robotics

 Relating joint velocities to Cartesian velocities of the tip of the arm

 Changing a Jacobian’s frame of reference (spatial motion)

13

ࣇ = ߱ݒ = Θሶ(Θ)ܬ

ࣇ = ߱ݒ = Θሶ(Θ)ܬ
ࣇ = ߱ݒ = Θሶ(Θ)ܬ = ܴ 00 ܴ 	(Θ)ܬ߱ݒ = ܴ 00 ܴ 	(Θ)ܬ

3x1 : plane motion
6x1 : spatial motion

機器人簡介 ME5118 Chap 5 - 林沛群

l

l

Jacobians -4

 Invertibility

 Singular: When the Jacobian ܬ is NOT invertible

o Workspace-boundary singularities

Ex: When the manipulator is fully stretch out or folded back on itself

o Workspace-interior singularities

 When a manipulator is in a singular configuration

o Lost one or more DOF

14

Θሶ = ଵିܬ Θ ࢜
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Example: A RR Manipulator -1

 Method 1: Velocity “propagation” from link to link

15

ܺ
ܻ ܺଵܻଵ
ܻଷ

ଵߠ

݈ଶ

݈ଵ

ଶߠ
ሶଵߠ

ሶଶߠ
ଷܸ {3}ܶଵ = ܿଵ ଵݏ− 0 ଵݏ0 ܿଵ 0 00 0 1 00 0 0 1

ܶଶଵ = ܿଶ ଶݏ− 0 ݈ଵݏଶ ܿଶ 0 00 0 1 00 0 0 1
ܶଷଶ = 1 0 0 ݈ଶ0 1 0 00 0 1 00 0 0 1
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Example: A RR Manipulator -2

 Link “propagation”

16

߱ଵଵ = ܴଵ ߱ + ሶଵߠ መܼଵଵ = ሶଵߠ መܼଵଵ = ሶଵ߭ଵଵߠ00 = ܴଵ ( ߭ + ߱ × ଵܲ )= 000
ܺ

ܻ ܺଵܻଵ
ܻଷ

ଵߠ
݈ଶ

݈ଵ
ଶߠ

ሶଵߠ
ሶଶߠ

ଷܸ {3}

߱ଶଶ = ܴଵଶ ߱ଵଵ + ሶଶߠ መܼଶଶ = ሶଵߠ00 + ሶଶ߭ଶଶߠ = ܴଵଶ ߭ଵଵ + ߱ଵଵ × ଶܲଵ = ܿଶ ଶݏ ଶݏ−0 ܿଶ 00 0 1 0݈ଵߠሶଵ0 = ݈ଵݏଶߠሶଵ݈ଵܿଶߠሶଵ0
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Example: A RR Manipulator -3

17

߱ଷଷ = ߱ଶଶ߭ଷଷ = ܴଶଷ ߭ଶଶ + ߱ଶଶ × ଷܲଶ
= ܫ ݈ଵݏଶߠሶଵ݈ଵܿଶߠሶଵ0 + ሶଵߠ00 + ሶଶߠ × ݈ଵ00= ݈ଵݏଶߠሶଵ݈ଵܿଶߠሶଵ + ݈ଶ(ߠሶଵ + ሶଶ)0ߠ
= ܴଵ ܴଶଵ ܴଷଶ= ܿଵଶ ଵଶݏ− ଵଶݏ0 ܿଵଶ 00 0 1

߭ଷ = ܴ ߭ଷଷ =ଷ −݈ଵݏଵߠሶଵ − ݈ଶݏଵଶ(ߠሶଵ + ሶଵߠሶଶ)݈ଵܿଵߠ + ݈ଶݏଵଶ(ߠሶଵ + ሶଶ)0ߠ
ܺ

ܻ ܺଵܻଵ
ܻଷ

ଵߠ
݈ଶ

݈ଵ
ଶߠ

ሶଵߠ
ሶଶߠ

ଷܸ {3}
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 Therefore 

Example: A RR Manipulator -4

18

= ଷܬ Θ Θሶࣇଷ = ௬߱ݒ௫ݒ = ݈ଵݏଶ 0݈ଵܿଶ + ݈ଶ ݈ଶ1 1 ሶଶߠሶଵߠ

ࣇ = ௬߱ݒ௫ݒ = −݈ଵݏଵ − ݈ଶݏଵଶ −݈ଶݏଵଶ݈ଵܿଵ + ݈ଶܿଵଶ ݈ଶܿଵଶ1 1 =ሶଶߠሶଵߠ ܬ Θ Θሶ
ܺ

ܻ ܺଵܻଵ
ܻଷ

ଵߠ
݈ଶ

݈ଵ
ଶߠ

ሶଵߠ
ሶଶߠ

ଷܸ {3}

ݐ݁݀ ݈ଵݏଶ 0݈ଵܿଶ + ݈ଶ ݈ଶ = ݈ଵ݈ଶݏଶ = ଶߠ0 = 180	ݎ	0
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 Method 2: Direct differentiation

Example: A RR Manipulator -5

19

ߠ௬௫ = ݈ଵܿଵ + ݈ଶܿଵଶ݈ଵݏଵ + ݈ଶݏଵଶߠଵ + ଶߠ


ܺ
ܻ ܺଵܻଵ
ܻଷ

ଵߠ
݈ଶ

݈ଵ
ଶߠ

ሶଵߠ
ሶଶߠ

ଷܸ {3}
diff.ݒ௫ݒ௬߱ = −݈ଵݏଵߠሶଵ − ݈ଶݏଵଶ(ߠሶଵ + ሶଵߠሶଶ)݈ଵܿଵߠ + ݈ଶݏଵଶ(ߠሶଵ + ሶଵߠ(ሶଶߠ + ሶଶߠ


= −݈ଵݏଵ − ݈ଶݏଵଶ −݈ଶݏଵଶ݈ଵܿଵ + ݈ଶܿଵଶ ݈ଶܿଵଶ1 1
 ሶଶሶܺߠሶଵߠ = ܬ Θ Θሶ Note: NO 3x1 orientation vector whose derivative is ߱
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Static Forces in Manipulators -1

 When considering static forces

 Lock all the joints

 Write force-moment relationship

 Compute static torque (ignore gravity)

20
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Static Forces in Manipulators -2
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ܺ
ܻመܼ ܺାଵ

ܻାଵ መܼାଵAxis i
Axis i+1

Link i

ሶ݂ߠሶାଵߠ
ܲ ାଵ

݂ାଵ
݊

݊ାଵ

݂ = ݂ାଵ ݊ = ݊ାଵ + ܲାଵ × ݂ାଵ
݂ = ܴାଵ ݂ାଵାଵ ݊ = ܴାଵ ݊ାଵାଵ + ܲାଵ × ݂

ܴାଵ ܴାଵ
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Static Forces in Manipulators -3

 The joint toque required to maintain the static 

equilibrium

 Revolute joint

 Prismatic joint

22

߬ = ்݊ ܼ
߬ = ்݂ ܼ
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Example: A RR Manipulator -1

 Force “propagation” from link to link

23

ܺ
ܻ ܺଵܻଵ
ܻଷ

ଵߠ

݈ଶ

݈ଵ

ଶߠ
ሶଵߠ

ሶଶߠ
ଷܨ {3}ଶ݂= ܴଷଶ ଷ݂ =ଷଶ ܫ ଷܨ = ௫݂݂௬0݊ଶ = ܴଷଶ ݊ଷଷ + ଷܲଶ × ଶ݂ଶଶ = 00݈ଶ ௬݂

ଵ݂ଵ = ܴଶଵ ଶ݂ଶ = ܿଶ ଶݏ− ଶݏ0 ܿଶ 00 0 1 ௫݂݂௬0= ܿଶ ௫݂ − ଶݏ ௬݂ݏଶ ௫݂ + ܿଶ ௬݂0
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Example: A RR Manipulator -2

 Therefore,

24

݊ଵ = ܴଶଵ ݊ଶଶ + ଶܲଵ × ଵ݂ଵଵ = 00݈ଵݏଶ ௫݂ + ݈ଵܿଶ ௬݂ + ݈ଶ ௬݂
߬ଵ = ݊ଵ்ଵ ܼଵଵ = ݈ଵݏଶ ௫݂ + ݈ଵܿଶ + ݈ଶ ௬݂߬ଶ = ݊ଶ்ଶ ܼଶଶ = ݈ଶ ௬݂

߬ = ݈ଵݏଶ ݈ଵܿଶ + ݈ଶ0 ݈ଶ ௫݂݂௬ ܺ
ܻ ܺଵܻଵ
ܻଷ

ଵߠ

݈ଶ

݈ଵ

ଶߠ
ሶଵߠ
ሶଶߠ

ଷܨ {3}
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Jacobian in the Force Domain

 The principal of virtual work

25

ܨ · ࣲߜ = ߁ · ߆ߜ
ࣲߜ்ܨ = ߆ߜܬ்ܨ = ߁߆ߜ்߁ = ܨ்ܬ

߁ = ்ܬ Respect to frame {0}ܨ
“inverse” Cartesian torque to joint torque without using IK technique
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Cartesian Transformation -1

 General velocity and force representations

 Frame transformation

26

ࣇ = ݒ߱ ऐ = ܨܰ
߱ାଵାଵ = ܴାଵ ߱ + ሶାଵߠ መܼାଵାଵ߭ାଵାଵ = ܴାଵ ( ߭ + ߱ × ܲାଵ )݅ = ,ܣ ݅ + 1 = ሶߠ ,ܤ = ߱ݒ0
 = ܴ ܲ	ைோீ × ܴ0 ܴ ߱ݒ


ܲ ×= 0 ௭− ௭௬ 0 ௬−௫− ௫ ࣇ0 = ௩ܶ ࣇ
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Cartesian Transformation -2

 Similarly,

27

߱ݒ
 = ܴ − ܴ ܲைோீ ×0 ܴ ߱ݒ

 	
ࣇ = ௩ܶ ࣇ

"݁ݏݎ݁ݒ݊݅“

ܨ
ܰ = ܴ 0ܲைோீ × ܴ ܴ ܨ

ܰऐ = ܶ ऐ
ܶ = ௩ܶ ்
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The End

 Questions?


