@) s =444 (ME5118)

Chap 5 Jacobians: Velocities and Static Forces
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* Time-varying Position and Orientation -1
|
o Differentiation of a position vector P,

B B
By _ i Bp _ lim PQ(t + At) — PQ(t)

QT dt 97 Ao At
Derivative of position vector BPQ relative to frame {B}

d
A/ B A B
Vo) = “(=— P,
Expressed in frame {4}

When both frames are the same

Velocity of the origin of frame {C} relative to the

universe reference frame {U} ‘
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* Time-varying Position and Orientation -2
|
o Example (7]
Yy =100i =
U DI:H”_'II‘_‘IE] ];I:II:II:II E]l:lq_‘ U Z.'U
Ve =301 ‘D'Uow%trro'c? )

Yy

u Craig, Figure 5.1
U dy

P = Uy = v, = 301
At C ORG) C ORG — Uc l

“("Vrore) = “vr = §R(vr) = GR(100%) = YR™11008

C( TVC ORG) = %R( T( TVC ORG)) = 7C*R( TVC ORG)
= SRYR(—701) = =YR1YR701 ‘
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* Time-varying Position and Orientation -3
1

o Angular velocity vector “Qp

+ The rotation of frame {B} relative to frame {A}
« Direction of “Qz: The instantaneous axis of rotation

+ Magnitude of “Qz: The speed of rotation (B)

{A}
A'QB

“(“Qp)

Expressed in frame {C}

\ 4

Angular velocity of frame {C} relative to the universe

reference frame {U}
4 ‘




™8  Rigid Body Motion -1
1
o Freshman Dynamics

Ta=Xal +ya] A
— @ + m
= (xgl + yg]) + (xa/sl + ya/8))
— @ + m

= (xgl +ygJ) + (xa/80 + ya/8))

'a

l diff. -

Up = TaA=Xal + ¥YaJ
SN 7
=rg + rA/B

= (xgl + ¥5]) + (a8l + ¥a/8)) ‘
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%8  Rigid Body Motion -2
1

Q. vp=Tgt+Typ

= (X'BT + YBT) + (%4781 + Yas8)) +(X4a/8 L+ YA/Bj )

=x4/5 (0 X 1) +y4/5 (0 X])

—_

® |ol =6

Magnitude:
|dé| = |é|sinedb
é| = |élsinpb=|é||®|sing
Direction:
dé 1 é

dé L ®

> é=wxé

o




™8  Rigid Body Motion -3
!

Vp = (X.B’I\ + YBD + (%481 + Ya/B]) + @ X (xa/8T + Ya/5])

= (X'BT + YBT) + (x4/81 + ya/8)) + @ X (XA/BT + YA/BD

b7

:> UA:UB‘l‘UT-el‘l‘(DXT'A/B

“relative” velocity

VA P
a Thus, Y

Wo = Vg ore + 8R Vo + 405 X 4R PP,

“relative” velocity

* Velocity “Propagation” from Link to Link -1
1

o Strategy: Represent linear and angular velocities

of link i in frame {i}, and find their relationship to

those of neighboring links

Axis i+1




* Velocity “Propagation” from Link to Link -2
|

o Rotational Joint (Link i+1)

+ Angular velocity propagation

i 1 ipA i+14%
Wiy = Wi+ 1RO 24

i+1.
. S ils
i+1p Oiv1" Zip1 = [_0 ]
l 0i+1
i+1 _i+1p i ), 1+15
Wit = R w017 24 e

Axis i

+ Linear velocity propagation
[ _ 1 [ [
Vit1 = Ui+ W X I
i+1

i+1 _ itlpy i i
Visr = RO+ 0y X P

* Velocity “Propagation” from Link to Link -3
1

o Prismatic joint (Link i+1)

+ Angular velocity propagation S
[ 1 '
Wi+1 = Wi

i+1

i+1 _itlp
wit+1 = R w;

+ Linear velocity propagation

i I i i in3 i+15
Vjp1 = ( U + w; X i+1) + i 41Rdiy1 " 2y

I i+1l-R dig1™ ' Zi4q = 0

i+1 itlp( i i 415
vipr = TIR( vy 4 oy x 'Piyq) +di T 24




* Jacobians -1
!

o A multidimensional form of the derivative

yv1 = f1 (X1, %2, X3, X4, X5, Xg)

V2 = f2 (X1, X2, X3, X4, X5, Xg)

Yo = fe (X1, X2, X3, X4, X5, Xg)

= Y = F(X)

.8

* Jacobians -2
!

o Calculating the differentials of y; as a function of

differentials of x;

df1 df1 df1
dy, =—96 —0 o ——06
Vq o, X1 + o, Xo + oo+ 9, Xg
_0f3 df2 df2
6y, = o, oxq + ax, 6x, + -+ 3 Oxg
) ofs
0YVe = o, 6xq + ox, 6xy + -+ I, 0xg

Ve Jacobian, “linear transformation”

= 8Y = Z—;ax = J(X)6X

Function of X, if f; is nonlinear

= Y =/0X

.8




* Jacobians -3
!

o In robotics

+ Relating joint velocities to Cartesian velocities of the tip of the arm

Ov .
v = [ 0 ] = "J(0)6
w 3x1 : plane motion

_ 6x1 : spatial motion _ _
o Changing a Jacobian’s frame of reference (spatial motion)

[ By] .
v=1, [= @0

_a)_

[ A A B
A VI_ 4 - _|BR 0 v
V= = M) =

DA RGP |

A _ éR 0 B

.o

* Jacobians -4
!

a Invertibility
O =J1Ow
+ Singular: When the Jacobian J is NOT invertible

o Workspace-boundary singularities
Ex: When the manipulator is fully stretch out or folded back on itself
o Workspace-interior singularities
+ When a manipulator is in a singular configuration

o Lost one or more DOF




* Example: A RR Manipulator -1
|

o Method 1: Velocity “propagation” from link to link

¢4 —s; 0 O]
OT= S1 1 0 O Vs
1 0 0 1 0

[ 0 0 0 1.

-C2 —Sz O ll-
%TZ Sz Cz 0 O

0 0 1 O

[ 0 0 0 1.

1 0 0 L]
2 _ [0 1 0 0
3 0 0 1 0

0 0 0 1.

* Example: A RR Manipulator -2
1

+ Link “propagation”

1(,()1—0R% +91 121291 121=

o]

sz—%R 0)1"‘92 ZZZ— . .
6, + 6,

S2 115,64
‘v, = 1R(/ + twy x 'Py) = [—52 C2 ‘[1191} l16291

P




Example: A RR Manipulator -3

Y

‘wy =
U3 = gR( 2U2 + 2(!)2 X 2P3)
=1 l10291 +
0
115,60,
= (11301 + 1,6, + 6,)

Ly
0
0

—115101 — 1551,(0, + 65)

6, + 6,

0 —_0p 3 _ . . .
Uz = 3R U3 = [,¢10, + 1,5,5(0; + 0,)
0
= 9R3R5R
€1z —S12 O
=1S12 ¢12 O
0 0 1

Example: A RR Manipulator -4

Y

+ Therefore

1152 O 9‘
11c2+12 12“.1] Vs

11192
](®)®
lis, 0] _
det L, +1, L]~ lil,s5 =0

> 6, = 0or 180

—l151 — l351, =138y, 91
v‘[”)/] l1C1‘|‘lzc12 l,¢12 l

1
= 01(@)6




* Example: A RR Manipulator -5
|

o Method 2: Direct differentiation

l1C1 + [5¢15
[ ] 151 + 15517

6, + 6,
ldiff.
0. : . .
Orp, —l15101 — 1;512(01 + 6,)
[vy] = 16101 + 1351,(01 + 6,)
w _ 6, + 0,
o1=lyis1 — 1,1, —1ys1,
= licy + lreq, l2012 [ ]
T Z

19

= O] (@)@ Note: NO 3x1 orientation vector whose derivative is ‘

* Static Forces in Manipulators -1
1

o When considering static forces

+ Lock all the joints
+ Write force-moment relationship

+ Compute static torque (ignore gravity)

-8




* Static Forces in Manipulators -2
|
d

— : i, _ i [ l
fi fisa ni= MNiy1+ Pip1 X fisa
i i
i+1 i+1
fi — i+1 fi+1 l i+1 i+1 i+1 [

* Static Forces in Manipulators -3
1

o The joint toque required to maintain the static
equilibrium
+ Revolute joint

= 'nj 'Z

+ Prismatic joint

= 'ff 7

-5




* Example: A RR Manipulator -1
|

o Force “propagation” from link to link

20 _2p 3 3 I
f2=3R"fz =1"F =|f, °F
0
0
“ny, =2%2R3ng + *Pyx *f, =| 0

. o (c; —s; 0]|f
fi=2R“fr=|s, ¢ O fy

o o 1l]o
-szx_Szfy
= Szfx"'szy
0

* Example: A RR Manipulator -2
1

0

'y =Ry + Py x fy = 0
Lisyfy T hicofy + Lfy
o Therefore,

3F
Ty = 'n] 'Z; = Lsyfy + (Lo + 12)fy

_ 2T 2% _
T, = Ny “Zy = Lf,

lis, L, + lz] fx]
T =
==l0 1 Il




* Jacobian in the Force Domain
!

o The principal of virtual work
F-6X=T-60

FT5X = FT]60 = TI'T56
r=J'F

Respect to frame {0}

= r= 9T

‘inverse” Cartesian torque to joint torque without using IK technique

-5

* Cartesian Transformation -1
!

o General velocity and force representations

%
o=l <[}
w N
o Frame transformation
i+1 _i+lp i s i+15
Wit1 = R w0+ 0417 2y
i+1

itlpy i i
Viy1 = R v+ "w; X "Piyq)

Ji=A,i+1=B,9=O

[AVA] _ FR APB ORG X éR] - BVB]

4w, 0 2R | Bwg
2 B 0 —Pz Py
v, = 4T, "vg Px=|p, 0 -—py
_py Px 0




* Cartesian Transformation -2
!

“inverse"

[ ] [AR AR APBORG X

VUa

(UA
vB = AT vA

o Similarly,

Dot PSP | o]
AN, “Psorc X AR 4R|| BNp

AF, = 4T PFp

T
- éTf — éTv

™ The End
!

o Questions?




