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 Differentiation of a velocity vector ொܸ
Acceleration of a Rigid Body -1

2

ொ஻ܣ = ݐ݀݀ ொܸ஻ = lim୼௧→଴ ொܸ ݐ + Δݐ −஻ ொܸ(ݐ)஻Δݐ
Derivative of velocity vector ொܸ஻ relative to frame {ܤ}( (ொܣ =஻஺ ( ݐ݀݀ ொܸ஻ )஺
Expressed in frame {ܣ}= ܴ஻஺ ( ொ)஻஻ܣ = ܴ஻஺ ொ஻ܣ

When both frames are the same

Acceleration of the origin of frame {ܥ} relative to the 
universe reference frame {ܷ}

ܽ஼ = ைோீ௎	஼ܣ
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Acceleration of a Rigid Body -2

 Angular acceleration vector Ωሶ ୆୅

3

( Ωሶ ୆୅஼ )
Expressed in frame {ܥ}

Angular acceleration of frame {ܥ} relative to the 
universe reference frame {ܷ}

{ܤ} Ωሶ{ܣ} ୆୅
Ωሶ ୆୅ = ݐ݀݀ ஻஺ߗ = lim௱௧→଴ ஻ߗ ݐ + ݐ߂ −஺ Ω୆(ݐ)୅ݐ߂

ሶ߱ ஼ = Ωሶ ஼௎

Derivative of angular velocity of frame {ܤ}
relative to frame {ܣ}
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Acceleration of a Rigid Body -3

 Angular acceleration

4

Ωେ୅ = Ω୆୅ + ܴ஻஺ Ωେ୆

Ωሶ େ୅ = Ωሶ ୆୅ + ݐ݀݀ ܴ஻஺ Ωେ୆= ሶ஻஺ߗ + ܴ஻஺ Ωሶ ஼஻ + Ω஻஺ × ܴ஻஺ Ω஼஻
diff.
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 Freshman Dynamics

Following the materials described in Chap 5

Rigid Body Motion -1

5

diff.

୅ݒ = xሶ ୆Iመ + yሶ୆Jመ + ሶ஺/୆ı̂ݔ) + ̂(ሶ஺/୆ȷݕ + ω × (x஺/୆Iመ + y஺/୆Jመ)ݒ୅ = ஻ݒ + ௥௘௟ݒ + ω × ஺/஻ݎ
ܽ୅ = xሷ ୆Iመ + yሷ୆Jመ+ ሷ஺/஻ı̂ݔ + ሷ஺/஻ȷ̂ݕ + ω × ሶ஺/୆ı̂ݔ) + ሶ஺/୆ȷ)̂+ωሶݕ × x஺/஻Iመ + y஺/஻Jመ+ω × ሶ஺/୆ı̂ݔ)) + ̂(ሶ஺/୆ȷݕ + ω × (x஺/୆Iመ + y஺/୆Jመ))

{ܷ}
r୅
r୆

r୅/୆

ܼ
X

ܻ
ݖ

ݕݔ ܣ
ܤ
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Rigid Body Motion -2

 Thus

6

ܽ୅ = xሷ ୆Iመ + yሷ୆Jመ+ωሶ × x஺/஻Iመ + y஺/஻Jመ + ω × (ω × (x஺/୆Iመ + y஺/୆Jመ))								+2ω × ሶ஺/୆ı̂ݔ) + ̂(ሶ஺/୆ȷݕ + ሷ஺/஻ı̂ݔ + ሷ஺/஻ȷ̂ܽ୅ݕ = ܽ஻ + ωሶ × ஺/஻ݎ + ω × ω × ஺/஻+2ωݎ × ௥௘௟ݒ + ܽ௥௘௟
“relative” accelerationCoriolis acceleration

ொ஺ܣ = +													ைோீ஺	஻ܣ Ωሶ ஻஺ × ܴ஻஺ ொܲ஻ + Ω஻஺ × Ω஻஺ × ܴ஻஺ ொܲ஻													+2 Ω஻஺ × ܴ஻஺ ொܸ஻ + ܴ஻஺ ொ஻ܣ
{ܣ}

r୅/୆

ܼ ܺ
ܻ

ݖ
ݕݔ ொܲ

{ܤ}
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Mass Distribution -1

 Inertia tensor relative to frame {ܣ}

7

஺ܫ = ௫௫ܫ ௫௬ܫ− ௫௬ܫ−௫௭ܫ− ௬௬ܫ ௫௭ܫ−௬௭ܫ− ௬௭ܫ− ௭௭ܫ
௫௫ܫ =ම ଶݕ) + ௬௬ܫ௏߭݀ߩ(ଶݖ =ම ଶݔ) + ௭௭ܫ௏߭݀ߩ(ଶݖ =ම ଶݔ) + ௏߭݀ߩ(ଶݕ

௫௬ܫ =ම ௫௭ܫ௏߭݀ߩݕݔ =ම ௬௭ܫ௏߭݀ߩݖݔ =ම ௏߭݀ߩݖݕ

Mass moment of inertia >0 Mass product of inertia

{ܣ} መܼ
෠ܺ ෠ܻ݀ܲݒ஺
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Mass Distribution -2

 Inertia tensor

 Constant real symmetric matrix (orthogonally diagonalizable) 

its eigendecomposition (i. e. , ܯ = (ଵିܸ߉ܸ

 ௫௫ܫ + ௬௬ܫ + ௭௭ܫ = ݁ܿܽݎݐ ஺ܫ = ݐ݊ܽݐݏ݊݋ܿ
o Trace is invariant under a similarity transformation

 If xy-plane is plane of symmetry, then ܫ௫௭ = ௬௭ܫ = 0
8

஺ܫ = ௫௫ܫ ௫௬ܫ− ௫௬ܫ−௫௭ܫ− ௬௬ܫ ௫௭ܫ−௬௭ܫ− ௬௭ܫ− ௭௭ܫ = ܴ ௑௑ܫ 0 00 ௒௒ܫ 00 0 ௓௓ܫ ்ܴ
principal moment of inertia

Rotation matrix, 
revealing directions of the principal axes
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Mass Distribution -3

 Parallel-axis Theorem

 Computing how the inertia tensor changes under translations of 

the reference coordinate system

9

௭௭஺ܫ = ௭௭஼ܫ + ௖ଶݔ)݉ + ௫௬஺ܫ(௖ଶݕ = ௫௬஼ܫ − ௖ݕ௖ݔ݉
஺ܫ = ஼ܫ + ݉[ ௖்ܲ ௖ܲܫଷ − ௖ܲ ௖்ܲ]

C: at COM of the body
A: arbitrary frame

Vector-matrix form ௖ܲ = ௖ݔ ௖ݕ ௖ݖ ்
COM relative to {ܣ}
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Newton’s Equation and Euler’s Equation

 Newton’s equation

 Euler’s equation

10

ܨ = ݐ݀݀ (஼ݒ݉) = ሶ஼ߥ݉

ܰ = ஼ ሶ߱ + ߱ × ஼ ߱
ܨ

ሶ஼ݒ
ܰ

߱ሶ߱

C: body frame, whose 
origin is located at COMܫ஼ : constant matrix

ܰ = ݐ݀݀ (߱ܫ)
Even if using inertial frame, it 
can change during motion
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 Strategy: Represent linear and angular 

accelerations of link ݅ in frame {݅}, and find their 

relationship to those of neighboring links  

Acceleration “Propagation” from Link to Link -1

11

ܽ௜௜

ܲ௜ ௜ାଵ
ሶ߱ ௜௜

ܽ௜ାଵ௜ାଵ
ሶ߱ ௜ାଵ௜ାଵ

෠ܺ௜
෠ܻ௜መܼ௜ ෠ܺ௜ାଵ

෠ܻ௜ାଵ መܼ௜ାଵAxis i
Axis i+1

Link i

ሶ௜ߠሶ௜ାଵߠ
஼ܲ೔௜

COM
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Acceleration “Propagation” from Link to Link -2

 Rotational Joint (Link i+1)

 Angular acceleration propagation

In Chap 5

12

߱௜ାଵ௜ = ߱௜௜ + ܴ௜ାଵ௜ ሶ௜ାଵߠ መܼ௜ାଵ௜ାଵ
ሶ௜ାଵߠ መܼ௜ାଵ௜ାଵ = ሶ௜ାଵߠ00

௜ାଵ
ሶ߱ ௜ାଵ௜ = ሶ߱ ௜௜ + ߱௜௜ × ܴ௜ାଵ௜ ሶ௜ାଵߠ መܼ௜ାଵ௜ାଵ + ܴ௜ାଵ௜ ሷ௜ାଵߠ መܼ௜ାଵ௜ାଵ

ܴ௜௜ାଵ
diff.

ሶ߱ ௜ାଵ௜ା௜ = ܴ௜௜ାଵ ሶ߱ ௜௜ + ܴ௜௜ାଵ ߱௜௜ × ሶ௜ାଵߠ መܼ௜ାଵ௜ାଵ + ሷ௜ାଵߠ መܼ௜ାଵ௜ାଵ
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Acceleration “Propagation” from Link to Link -3

 Linear acceleration propagation

13

ܽ௜ାଵ௜ାଵ = ܴ௜௜ାଵ ( ܽ௜௜ + ሶ߱ ௜௜ × ௜ܲାଵ௜ + ߱௜௜ × ߱௜௜ × ௜ܲାଵ௜ )
ܽ௜ାଵ௜ = ܽ௜௜ + ሶ߱ ௜௜ × ௜ܲାଵ௜ + ߱௜௜ × ߱௜௜ × ௜ܲାଵ௜ܴ௜௜ାଵ
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Acceleration “Propagation” from Link to Link -4

 Prismatic joint (Link i+1)

 Angular acceleration propagation

 Linear acceleration propagation

14

ሶ߱ ௜ାଵ௜ାଵ = ܴ௜௜ାଵ ሶ߱ ௜௜ሶ߱ ௜ାଵ௜ = ሶ߱ ௜௜ ܴ௜௜ାଵ
ܽ௜ାଵ௜ = ܽ௜௜ + ሶ߱ ௜௜ × ௜ܲାଵ௜ + ߱௜௜ × ߱௜௜ × ௜ܲାଵ௜+2 ߱௜௜ × ܴ௜ାଵ௜ ሶ݀௜ାଵ መܼ௜ାଵ௜ାଵ + ܴ௜ାଵ௜ ሷ݀௜ାଵ መܼ௜ାଵ௜ାଵ

ܽ௜ାଵ௜ାଵ = ܴ௜௜ାଵ ܽ௜௜ + ሶ߱ ௜௜ × ௜ܲାଵ௜ + ߱௜௜ × ߱௜௜ × ௜ܲାଵ௜				+2 ߱௜ାଵ௜ାଵ × ሶ݀௜ାଵ መܼ௜ାଵ௜ାଵ + ሷ݀௜ାଵ መܼ௜ାଵ௜ାଵ
ሷ݀௜ାଵ መܼ௜ାଵ௜ାଵ = 00ሷ݀௜ାଵ

௜ାଵܴ௜௜ାଵ
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Acceleration “Propagation” from Link to Link -5

 COM

15

ܽ஼೔௜ = ܽ௜௜ + ሶ߱ ௜௜ × ஼ܲ೔௜ + ߱௜௜ × ߱௜௜ × ஼ܲ೔௜
௜: COM of the ithܥ link
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Force Propagation from Link to Link -1

 Inertia force and torque acting at the COM

16

෠ܺ௜
෠ܻ௜መܼ௜ ෠ܺ௜ାଵ

෠ܻ௜ାଵ መܼ௜ାଵAxis i
Axis i+1

Link i

ሶ௜௜݂ߠሶ௜ାଵߠ ܲ௜ ௜ାଵ ௜݂ାଵ
݊௜

݊௜ାଵ
஼ܲ೔௜

COM

௜ܨ = ݉ܽ஼೔௜ܰ = ஼೔ܫ ሶ߱ ௜ + ߱௜ × ஼೔ܫ ߱௜

௜ܰ
௜ܨ
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Force Propagation from Link to Link -2



17

෠ܺ௜
෠ܻ௜መܼ௜ ෠ܺ௜ାଵ

෠ܻ௜ାଵ መܼ௜ାଵAxis i
Axis i+1

Link i

ሶ௜௜݂ߠሶ௜ାଵߠ ܲ௜ ௜ାଵ ௜݂ାଵ
݊௜

݊௜ାଵ
஼ܲ೔௜

COM

௜ܰ
௜ܨ

݊௜௜ = ܴ௜ାଵ௜ ݊௜ାଵ௜ାଵ + ௜ܰ௜ + ஼ܲ೔௜ × ௜௜ܨ + ௜ܲାଵ௜ × ܴ௜ାଵ௜ ௜݂ାଵ௜ାଵ௜݂௜ = ܴ௜ାଵ௜ ௜݂ାଵ௜ାଵ + ௜௜ܨ
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Force Propagation from Link to Link -3

 Thus

 Revolute joint

 Prismatic joint

 Comments

 Inclusion of gravity force: ܽ଴଴ = ݃ = ݏ/݉	9.81
 A manipulator moving in free space: ே݂ାଵேାଵ = 0		 ݊ேାଵேାଵ = 0

18

߬௜ = ݊௜்௜ ܼ௜෡௜
߬௜ = ௜்݂௜ ܼ௜෡௜
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Iterative Newton-Euler Dynamic Formulation

 Outward iterations

 Link 1 to link n

 Velocities and accelerations

 Inward iterations

 Link n to link 1

 Forces and torques

 Revolute joint vs. prismatic joint: Choose correct equations

 General structure, can be applied to any manipulator

 Easy for numerical computation
19
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Example: A RR Manipulator -1

 Conditions:

20

෠ܺ଴
෠ܻ଴ ෠ܺଵ෠ܻଵ
෠ܻଷ

ଵߠ

݈ଶ

݈ଵ

ଶߠ
ሶଵߠ

ሶଶߠ
ଷ݂ = 0݊ଷ = 0 {3}஼ܲభଵ = ݈ଵ ෠ܺଵ஼ܲమଶ = ݈ଶ ෠ܺଶ ଵ஼భܫ = ଶ஼మܫ0 = 0݉ଵ,݉ଶ߱଴ = 0߱଴ሶ = 0 ଴ሶ଴ݒ = ݃ ෠ܻ଴

ܴ௜ାଵ௜ = ܿ௜ାଵ ௜ାଵݏ− ௜ାଵݏ0 ܿ௜ାଵ 00 0 1
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Example: A RR Manipulator -2

 Velocity and acceleration propagations

21

ሶ߱ ଵଵ = ܴ଴ଵ ሶ߱ ଴଴ + ܴ଴ଵ ߱଴଴ × ሶଵߠ መܼଵଵ + ሷଵߠ መܼଵ = ሷଵܽଵଵߠ00 = ܴ଴ଵ ( ܽ଴଴ + ሶ߱ ଴଴ × ଵܲ଴ + ߱଴଴ × ߱଴଴ × ଵܲ଴ ) = ܿଵ ଵݏ ଵݏ−0 ܿଵ 00 0 1 0݃0

߱ଵଵ = ܴ଴ଵ ߱଴଴ + ሶଵߠ መܼଵଵ = ሶଵߠ መܼଵଵ = ሶଵߠ00

= ଵ݃ܿଵ0ܽ஼భଵݏ݃ = ܽଵଵ + ሶ߱ ଵଵ × ஼ܲభଵ + ߱ଵଵ × ߱ଵଵ × ஼ܲభଵ
= ଵ݃ܿଵ0ݏ݃ + 0݈ଵߠሷଵ0 + −݈ଵߠଵሶ ଶ00 = −݈ଵߠଵሶ ଶ + ሷଵߠଵ݈ଵݏ݃ + ݃ܿଵ0
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Example: A RR Manipulator -3

22

ଵଵܨ = ݉ ܽ஼భଵ −݉ଵ݈ଵߠଵሶ ଶ + ݉ଵ݃ݏଵ݉ଵ݈ଵߠሷଵ + ݉ଵ݃ܿଵ0
ଵܰଵ = ஼భܫ ሶ߱ ଵଵ + ߱ଵଵ × ஼భܫ ߱ଵଵ = 000
ሶ߱ ଶଶ = ܴଵଶ ሶ߱ ଵଵ + ܴଵଶ ߱ଵଵ × ሶଶߠ መܼଶଶ + ሷଶߠ መܼଶଶ = ሷଵߠ00 + ሷଶߠ
߱ଶଶ = ܴଵଶ ߱ଵଵ + ሶଶߠ መܼଶଶ = ሶଵߠ00 + ሶଶߠ
ܽଶଶ = ܴଵଶ ( ܽଵଵ + ሶ߱ ଵଵ × ଶܲଵ + ߱ଵଵ × ߱ଵଵ × ଶܲଵ ) =

= ܿଶ ଶݏ ଶݏ−0 ܿଶ 00 0 1 −݈ଵߠଵሶ ଶ + ሷଵߠଵ݈ଵݏ݃ + ݃ܿଵ0 = ݈ଵߠሷଵݏଶ −݈ଵ ଵሶߠ ଶܿଶ + ሷଵܿଶߠଵଶ݈ଵݏ݃ +݈ଵ ଵሶߠ ଶݏଶ + ݃ܿଵଶ0
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Example: A RR Manipulator -4

23

ܽ஼మଶ = ܽଶଶ + ሶ߱ ଶଶ × ஼ܲమଶ + ߱ଶଶ × ߱ଶଶ × ஼ܲమଶ
=
݈ଵߠሷଵݏଶ −݈ଵ ଵሶߠ ଶܿଶ + ሷଵܿଶߠଵଶ݈ଵݏ݃ +݈ଵ ଵሶߠ ଶݏଶ + ݃ܿଵଶ0 + 0݈ଶ(ߠሷଵ + ሷଶ)0ߠ + −݈ଶ(ߠଵሶ + ଶሶߠ )ଶ00

ଶଶܨ = ݉ ܽ஼మଶ = ݉ଶ݈ଵߠሷଵݏଶ − ݉ଶ݈ଵߠଵሶ ଶܿଶ + ݉ଶ݃ݏଵଶ − ݉ଶ݈ଶ(ߠଵሶ + ଶሶߠ )ଶ݉ଶ݈ଵߠሷଵܿଶ + ݉ଶ݈ଵߠଵሶ ଶݏଶ + ݉ଶ݃ܿଵଶ + ݉ଶ݈ଶ(ߠሷଵ + ሷଶ)0ߠ
ଶܰଶ = ஼మܫ ሶ߱ ଶଶ + ߱ଶଶ × ஼మܫ ߱ଶଶ = 000
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Example: A RR Manipulator -5

 Force and torque propagations

24

݊ଶଶ = ܴଷଶ ݊ଷଷ + ଶܰଶ + ஼ܲమଶ × ଶଶܨ + ଷܲଶ × ܴଷଶ ଷ݂ଷ
								= 00݉ଶ݈ଵ݈ଶܿଶߠሷଵ + ݉ଶ݈ଵ݈ଶݏଶߠଵሶ ଶ + ݉ଶ݈ଶ݃ܿଵଶ + ݉ଶ݈ଶଶ(ߠሷଵ + (ሷଶߠ

ଵ݂ଵ = ܴଶଵ ଶ݂ଶ + ଵଵܨ
								= ܿଶ ଶݏ− ଶݏ0 ܿଶ 00 0 1 ݉ଶ݈ଵݏଶߠሷଵ − ݉ଶ݈ଵܿଶߠଵሶ ଶ + ݉ଶ݃ݏଵଶ − ݉ଶ݈ଶ(ߠଵሶ + ଶሶߠ )ଶ݉ଶ݈ଵܿଶߠሷଵ + ݉ଶ݈ଵݏଶߠଵሶ ଶ + ݉ଶ݃ܿଵଶ + ݉ଶ݈ଶ(ߠሷଵ + +													ሷଶ)0ߠ −݉ଵ݈ଵߠଵሶ ଶ + ݉ଵ݃ݏଵ݉ଵ݈ଵߠሷଵ + ݉ଵ݃ܿଵ0

ଶ݂ଶ = ܴଷଶ ଷ݂ଷ + ଶଶܨ = ଶଶܨ
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Example: A RR Manipulator -6

25

݊ଵଵ = ܴଶଵ ݊ଶଶ + ଵܰଵ + ஼ܲభଵ × ଵଵܨ + ଶܲଵ × ܴଶଵ ଶ݂ଶ
									= 00݉ଶ݈ଵ݈ଶܿଶߠሷଵ + ݉ଶ݈ଵ݈ଶݏଶߠଵሶ ଶ + ݉ଶ݈ଶ݃ܿଵଶ + ݉ଶ݈ଶଶ(ߠሷଵ + +												(ሷଶߠ 00݉ଵ݈ଵଶߠሷଵ + ݉ଵ݈ଵ݃ܿଵ																+ 00݉ଶ݈ଵଶߠሷଵ − ݉ଶ݈ଵ݈ଶݏଶ ଵሶߠ + ଶሶߠ ଶ + ݉ଶ݈ଵ݃ݏଶݏଵଶ + ݉ଶ݈ଵ݈ଶܿଶ ሷଵߠ + ሷଶߠ + ݉ଶ݈ଵ݃ܿଶܿଵଶ
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Example: A RR Manipulator -7

 Joint torques

26

߬ଵ = ݊ଵ்ଵ ܼଵ෢ଵ= ݉ଶ݈ଶଶ ሷଵߠ + ሷଶߠ + ݉ଶ݈ଵ݈ଶܿଶ ሷଵߠ2 + ሷଶߠ + mଵ + mଶ ݈ଵଶߠሷଵ								−݉ଶ݈ଵ݈ଶݏଶߠଶሶ ଶ − 2݉ଶ݈ଵ݈ଶݏଶߠሶଵߠሶଶ + ݉ଶ݈ଶ݃ܿଵଶ + ݉ଵ +݉ଶ ݈ଵ݃ܿଵ߬ଶ = ݊ଶ்ଶ ܼଶ෢ଶ				= ݉ଶ݈ଵ݈ଶܿଶߠሷଵ + ݉ଶ݈ଵ݈ଶݏଶߠଵሶ ଶ + ݉ଶ݈ଶ݃ܿଵଶ + ݉ଶ݈ଶଶ ሷଵߠ + ሷଶߠ



機器人簡介 ME5118 Chap 6 - 林沛群

The Structure of Dynamic Equations -1

 The state-space equation

 Revisit the RR manipulator

27

߬ = ܯ Θ Θሷ + ܸ Θ, Θሶ + G Θ

ܯ Θ = ݈ଶଶ݉ଶ + 2݈ଵ݈ଶ݉ଶܿଶ + ݈ଵଶ(݉ଵ + ݉ଶ) ݈ଶଶ݉ଶ + ݈ଵ݈ଶ݉ଶܿଶ݈ଶଶ݉ଶ + ݈ଵ݈ଶ݉ଶܿଶ ݈ଶଶ݉ଶ
ܸ Θ, Θሶ = −݉ଶ݈ଵ݈ଶݏଶߠଶሶ ଶ − 2݉ଶ݈ଵ݈ଶݏଶߠଵሶ ଵሶߠଶݏଶሶ݉ଶ݈ଵ݈ଶߠ ଶG Θ = ݉ଶ݈ଶ݃ܿଵଶ + ݉ଵ + ݉ଶ ݈ଵ݃ܿଵ݉ଶ݈ଶ݃ܿଵଶ

݊ × 1 ݊ × ݊ ݊ × 1 ݊ × 1݊ × 1
Mass 
matrix

gravityCentrifugal
Coriolis
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The Structure of Dynamic Equations -2

 The configuration-space equation

28

߬ = ܯ Θ Θሷ + ܤ Θ Θሶ Θሶ + ܥ Θ Θሶ ଶ + G Θ

Θሶ Θሶ = ଵሶߠ ଶሶߠ ଵሶߠ ଷሶߠ … ௡ିଵሶߠ ௡ሶߠ ் Θሶ ଶ = ଵሶߠ ଶ ଶሶߠ ଶ … ௡ሶߠ ଶ ்

݊ × 1 ݊ × ݊ ݊ × ݊(݊ − 1)2 ݊ × 1
݊ × 1

݊(݊ − 1)2 × 1

݊ × ݊

݊ × 1

Mass 
matrix

gravityCoriolis Centrifugal
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The Structure of Dynamic Equations -3

 Revisit the RR manipulator

29

ܥ Θ = 0 −݉ଶ݈ଵ݈ଶݏଶ݉ଶ݈ଵ݈ଶݏଶ 0
ܤ Θ = −2݉ଶ݈ଵ݈ଶݏଶ0 Θሶ Θሶ = ଵሶߠ ଶሶߠ

Θሶ ଶ = ଵሶߠ ଶߠଶሶ ଶ

ܸ Θ, Θሶ = −݉ଶ݈ଵ݈ଶݏଶߠଶሶ ଶ − 2݉ଶ݈ଵ݈ଶݏଶߠଵሶ ଵሶߠଶݏଶሶ݉ଶ݈ଵ݈ଶߠ ଶ ܤ= Θ Θሶ Θሶ + ܥ Θ Θሶ ଶ
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Lagrangian Formulation of Manipulator Dynamics -1

 Newton-Euler: Force-moment-based analysis

Lagrange: Energy-based analysis

 Of course, for a system, both methods should yield the 

same equations of motion

30
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Lagrangian Formulation of Manipulator Dynamics -2

 Kinetic energy

 Potential energy

31

݇௜ = 12݉௜ݒ௖೔்ݒ௖೔ + 12 ߱௜்௜ ௜஼೔ܫ ߱௜௜
݇ =෍݇௜௡

௜ୀଵ ݇ = ݇ Θ, Θሶ = 12Θሶ ୘M(Θ)Θሶ
௜ݑ = −݉௜ ்݃଴ ஼ܲ೔ + ௥௘௙೔଴ݑ
ݑ =෍ݑ௜௡

௜ୀଵ ݑ = Shift the zero reference height(߆)ݑ

機器人簡介 ME5118 Chap 6 - 林沛群

Lagrangian Formulation of Manipulator Dynamics -3

 Lagrangian

 Equation of motion for the manipulator

32

ℒ ሶ߆,߆ = ݇ ,߆ ሶ߆ − (߆)ݑ
ݐ݀݀ ߲ℒ߲Θሶ − ߲ℒ߲Θ = ߬
ݐ݀݀ ߲߲݇Θሶ − ߲߲݇Θ + Θ߲ݑ߲ = ߬



機器人簡介 ME5118 Chap 6 - 林沛群

Example: An RP Manipulator -1

 Kinetic energy

33

݈ଵ
݀ଶ݉ଵ
݉ଶ

ଵߠ
ଵ஼భܫ = ௫௫ଵܫ 0 00 ௬௬ଵܫ 00 0 ଶ஼మܫ௭௭ଵܫ = ௫௫ଶܫ 0 00 ௬௬ଶܫ 00 0 ௭௭ଶܫ

݇ଵ = 12݉ଵ݈ଵଶߠሶଵଶ + 12 ሶଵଶ݇ଶߠ௭௭ଵܫ = 12݉ଶ(݀ଶଶߠሶଵଶ + ሶ݀ଶଶ) + 12 ሶଵଶ݇ߠ௭௭ଶܫ ,߆ ሶ߆ = 12 ݉ଵ݈ଵଶ + ௭௭ଵܫ + ௭௭ଶܫ + ݉ଶ݀ଶଶ ሶଵଶߠ + 12݉ଶ ሶ݀ଶଶ
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Example: An RP Manipulator -2

 Potential energy

 Lagrangian

34

ଵݑ = ݉ଵ݈݃ଵߠ݊݅ݏଵ + ݉ଵ݈݃ଵݑଶ = ݉ଶ݃݀ଶߠ݊݅ݏଵ + ݉ଶ݃݀ଶ௠௔௫ݑ Θ = ݉ଵ݈ଵ + ݉ଶ݀ଶ ଵߠ݊݅ݏ݃ + ݉ଵ݈݃ଵ + ݉ଶ݃݀ଶ௠௔௫
߲߲݇Θሶ = ݉ଵ݈ଵଶ + ௭௭ଵܫ + ௭௭ଶܫ + ݉ଶ݀ଶଶ ሶଵ݉ଶߠ ሶ݀ଶ߲߲݇Θ = 0݉ଶ݀ଶ Θ߲ݑሶଵଶ߲ߠ = ݉ଵ݈ଵ + ݉ଶ݀ଶ ݃cosߠଵ݉ଶ݃sin	ߠଵ

Shift the zero reference height
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Example: An RP Manipulator -3

 Equations of motion

35

߬ଵ = ݉ଵ݈ଵଶ + ௭௭ଵܫ + ௭௭ଶܫ + ݉ଶ݀ଶଶ ሷଵߠ + 2݉ଶ݀ଶߠሶଵ ሶ݀ଶ										+ ݉ଵ݈ଵ + ݉ଶ݀ଶ ଵ߬ଶߠݏ݋ܿ݃ = ݉ଶ ሷ݀ଶ − ݉ଶ݀ଶߠሶଵଶ + ݉ଶ݃ߠ݊݅ݏଵ
ܯ ߆ = ݉ଵ݈ଵଶ + ௭௭ଵܫ + ௭௭ଶܫ + ݉ଶ݀ଶଶ 00 ݉ଶܸ(߆, ሶ߆ ) = 2݉ଶ݀ଶߠሶଵ ሶ݀ଶ−݉ଶ݀ଶߠሶଵଶ(߆)ܩ = ݉ଵ݈ଵ + ݉ଶ݀ଶ ଵߠ݊݅ݏଵ݉ଶ݃ߠݏ݋ܿ݃

߬ = ܯ ߆ ሷ߆ + ,߆)ܸ ሶ߆ ) + state-space representation(߆)ܩ
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Manipulator Dynamics in Cartesian Space -1

 Dynamic equations 

 In joint space

 In Cartesian space

 Formulation

36

߬ = ܯ ߆ ሷ߆ + ,߆)ܸ ሶ߆ ) + (߆)ܩ
ܨ = ௫ܯ ߆ ሷܺ + ௫ܸ ,߆ ሶ߆ + (߆)௫ܩ
߬ = ்ܬ ߆ ܨܨ = ்߬ିܬ = ܯ்ିܬ ߆ ሷ߆ + ்ܸିܬ ,߆ ሶ߆ + ሶܺ(߆)ܩ்ିܬ = Θሶܬ ሷܺ = ሶΘሶܬ + Θሷܬ Θሷ = ଵିܬ ሷܺ − ሶΘሶܬଵିܬ
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Manipulator Dynamics in Cartesian Space -2

37

ܨ = ܯ்ିܬ Θ ଵିܬ ሷܺ − ܯ்ିܬ Θ ሶΘሶܬଵିܬ + ்ܸିܬ Θ, Θሶ + ܩ்ିܬ Θ				= ௫ܯ ߆ ሷܺ + ௫ܸ ,߆ ሶ߆ + ௫ܯ(߆)௫ܩ Θ = ்ିܬ Θ ଵ(Θ)ିܬ(Θ)ܯ
௫ܸ Θ, Θሶ = ்ିܬ Θ ܸ Θ, Θሶ − ܯ Θ ଵିܬ Θ ሶܬ Θ Θሶܩ௫ Θ = ்ିܬ Θ (Θ)ܩ
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Revisit Example: A RR Manipulator -1

 In joint space

38

෠ܺ଴
෠ܻ଴ ෠ܺଵ෠ܻଵ
෠ܻଷ

ଵߠ

݈ଶ

݈ଵ

ଶߠ
ሶଵߠ

ሶଶߠ
ଷ݂ = 0݊ଷ = 0 {3}

ܯ Θ = ݈ଶଶ݉ଶ + 2݈ଵ݈ଶ݉ଶܿଶ + ݈ଵଶ(݉ଵ + ݉ଶ) ݈ଶଶ݉ଶ + ݈ଵ݈ଶ݉ଶܿଶ݈ଶଶ݉ଶ + ݈ଵ݈ଶ݉ଶܿଶ ݈ଶଶ݉ଶ

ܸ Θ, Θሶ = −݉ଶ݈ଵ݈ଶݏଶߠଶሶ ଶ − 2݉ଶ݈ଵ݈ଶݏଶߠଵሶ ଵሶߠଶݏଶሶ݉ଶ݈ଵ݈ଶߠ ଶ
G Θ = ݉ଶ݈ଶ݃ܿଵଶ + ݉ଵ + ݉ଶ ݈ଵ݃ܿଵ݉ଶ݈ଶ݃ܿଵଶ
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Revisit Example: A RR Manipulator -2

 Jacobian

 In Cartesian space

39

ܬ Θ = ݈ଵݏଶ 0݈ଵܿଶ + ݈ଶ ݈ଶ ଵିܬ Θ = 1݈ଵ݈ଶݏଶ ݈ଶ 0−݈ଵܿଶ − ݈ଶ ݈ଵݏଶܬሶ Θ = ݈ଵܿଶߠሶଶ 0−݈ଵݏଶߠଶ 0
௫ܯ Θ = ்ିܬ Θ ଵ(Θ)ିܬ(Θ)ܯ = ݉ଶ + ௠భ௦మమ 00 ݉ଶ௫ܸ Θ, Θሶ = ்ିܬ Θ ܸ Θ, Θሶ − ܯ Θ ଵିܬ Θ ሶܬ Θ Θሶ	= − ݉ଶ݈ଵܿଶ + ݉ଶ݈ଶ ሶଵଶߠ − ݉ଶ݈ଶߠሶଶଶ − (2݉ଶ݈ଶ + ݉ଶ݈ଵܿଶ + ݉ଵ݈ଵ ܿଶݏଶଶ)ߠሶଵߠሶଶ݉ଶ݈ଵݏଶߠሶଵଶ + ݉ଶ݈ଵݏଶߠሶଵߠሶଶܩ௫ Θ = ்ିܬ Θ ܩ Θ = ݉ଵ݃ ܿଵݏଶ + ݉ଶ݃ݏଵଶ݉ଶ݃ܿଵଶ
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Torque Equation

 In Cartesian space

40

߬ = ்ܬ ߆ ܨ = ்ܬ ߆ ௫ܯ) ߆ ሷܺ + ௫ܸ ,߆ ሶ߆ + ௫ܩ ߆ )߬ = ்ܬ ߆ ௫ܯ ߆ ሷܺ + ௫ܤ ߆ ሶ߆ ሶ߆ + ௫ܥ ߆ ሶߠ] ଶ] + (߆)ܩ
்ܬ ߆ ௫ܸ ,߆ ሶ߆ = ௫ܤ ߆ ሶ߆ ሶ߆ + ௫ܥ ߆ ሶߠ] ଶ]
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Revisit Example: A RR Manipulator

41

௫ܤ Θ = −݉ଵ݈ଵଶ ܿଶݏଶ − ݉ଶ݈ଵ݈ଶݏଶ݉ଶ݈ଵ݈ଶݏଶ
௫ܥ Θ = 0 −݉ଶ݈ଵ݈ଶݏଶ݉ଶ݈ଵ݈ଶݏଶ 0

்ܬ ߆ ௫ܸ ,߆ ሶ߆ = ௫ܤ ߆ ሶ߆ ሶ߆ + ௫ܥ ߆ ሶߠ] ଶ]
= ݈ଵݏଶ ݈ଵܿଶ + ݈ଶ0 ݈ଶ − ݉ଶ݈ଵܿଶ + ݉ଶ݈ଶ ሶଵଶߠ − ݉ଶ݈ଶߠሶଶଶ − (2݉ଶ݈ଶ + ݉ଶ݈ଵܿଶ + ݉ଵ݈ଵ ܿଶݏଶଶ)ߠሶଵߠሶଶ݉ଶ݈ଵݏଶߠሶଵଶ + ݈ଵ݉ଶݏଶߠሶଵߠሶଶ
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Friction 

 Viscous friction

 Coulomb friction

42

௙௥௜௖௧௜௢௡

௙௥௜௖௧௜௢௡ߠሶ = 0, ܿ = “static coefficient”ߠሶ ≠ 0, ܿ = “dynamic coefficient”
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The End

 Questions?


