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Chap 6: Manipulator Dynamics
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™8 Acceleration of a Rigid Body -1
!

o Differentiation of a velocity vector V,

b, d By _ | BV (t + A) — PV,y (D)
Q= 3. Q ~— m
dt At—0 At
Derivative of velocity vector ? Vo relative to frame {B}
d
A/ B A B
Ap) = “ (= "V,
(PAQ) = “(=; "Vo)

Expressed in frame {4}

When both frames are the same

Acceleration of the origin of frame {C} relative to the

universe reference frame {U} ‘
2




* Acceleration of a Rigid Body -2
1

a Angular acceleration vector (g

A, — d 40, = lim A0p(t + At) — Qg (1)
dt At—0 At
Derivative of angular velocity of frame {B}
relative to frame {A}

“(“0p)

Expressed in frame {C}

Angular acceleration of frame {C} relative to the
universe reference frame {U}

™8 Acceleration of a Rigid Body -3
!

o Angular acceleration

A.QC = A.Q.B + gR B.Q.C
ldiff.
) d
A Ap B
Qs +—4R °Q
B dtB C
= 405 + 8RB0, + 05 x 8RB0,

AQC




™8  Rigid Body Motion -1
!
o Freshman Dynamics

Following the materials described in Chap 5

Vp = (5<BT + YBT) + (Xa/B1 + Ya/B]) + @ X (XA/Bi + YA/BD
A
y

l diff.

ap = (kgl + y8))
+(%a/81 + Ja/85) + © X (%a/81 + VasB)
+w X (XA/BT+YA/BT) ;
+® X ((Xa/8T + Ya/8)) + @ X (XA/Bi + YA/BT))

™8  Rigid Body Motion -2
!

ap = (XBT + VBT)
+0 X (x4/81 + ya/5]) + @ X (@ X (X481 + ya/80)
+2w X (X4/81+ Ya/B)) + (5C.A/Bi + yA/Bi)

|:> @:@+6XTA/B+BX6XT’A/B

Coriolis acceleration ‘“relative” acceleration
o Thus {A}

AA — AA
Q B ORG Z
+40p X AR°Py + “Qp x (05 X AR PPy)
+2 405 x 4RV, + 4R P4,




™8  Mass Distribution -1
|

o Inertia tensor relative to frame {A}

Ixx _Ixy _Ixz
==Ly Ly -,

_Ixz _Iyz Izz

Mass moment of inertia >0 Mass product of inertia

Ly = ff (y? + z%)pdv Ly = UJ xypdv
V V

Iy, = jj (x? + z%)pdv I, = jjj xzpdv
% v

I, = fffv (x* + y*)pdv Iy, = WV yzpdv
ul

™8 Mass Distribution -2
|

o Inertia tensor

+ Constant real symmetric matrix (orthogonally diagonalizable)

its eigendecomposition (i.e., M = VAV 1)

Ly _Ixy Iy, Iyy 0 0
AI = _Ixy Iyy _IyZ == R[ O IYY O RT
_Ixz _Iyz Izz 0 0 IZZ

principal moment of inertia

Rotation matrix,
revealing directions of the principal axes

o Ly + 1y + 1, = trace( 1) = constant

o Trace is invariant under a similarity transformation

+ If xy-plane is plane of symmetry, then I, = I,,, = 0

o




* Mass Distribution -3
|

o Parallel-axis Theorem

+ Computing how the inertia tensor changes under translations of

the reference coordinate system

A C
Iy, = "l + m(xcz + ycz)

4 c C: at COM of the body
Iyy = "Iy —mx .y, A: arbitrary frame

Vector-matrix form
A= “I+m[P" Pl — P.R."] Po=[* Yo z]"
COM relative to {4}

g

* Newton’s Equation and Euler’s Equation
1

o Newton’s equation

d .
F = 7 (mv;) = mv,

o Euler’s equation

N = d I

Even if using inertial frame, it
can change during motion

N=CTo+wx o

C: body frame, whose
origin is located at COM

I constant matrix




* Acceleration “Propagation” from Link to Link -1
|

o Strategy: Represent linear and angular

accelerations of link i in frame {i}, and find their

relationship to those of neighboring links

Axis i+1

.o

* Acceleration “Propagation” from Link to Link -2
1

o Rotational Joint (Link i+1)

+ Angular acceleration propagation

In Chap 5
i _ i ipg  i+15
Wiy1 = 0+ 41RO 21y
i1
ldlff 9i+1i+12i+1 - [0 ]
Oi+1
S i ipg  i+15 ipA i+l
Wiy1 = Wit W X ;RO Zipr 4RO 24
l i+:%R

i+i - it1p i~ o itlp it s il
wiy1 = R o+ TR wi X041 241+ 041 2

.o




* Acceleration “Propagation” from Link to Link -3
|

+ Linear acceleration propagation

i g i i i i i
Aiy1 = A+ Wi X Figq + wix( w; X i+1)
i+1

i+1 _itlpy i i i i i i
ais1 = "R fai+ fay X Py 4 oy x (fwp X 'Pyq))

.o

* Acceleration “Propagation” from Link to Link -4
1

o Prismatic joint (Link i+1)

+ Angular acceleration propagation

P . i1 .
Wit] = O iR i+l

. —_i+1p i,
wit+1 = R
+ Linear acceleration propagation
{

i g i i i i
Aiy1 = A+ Wi X Figq + wix( w; X i+1)

i ip  i+15 ip i+l
+2 "w; X RAiy1 " Zir + iR Aiy T 2

i+1

1+1 0
l+1iR ai+1i+12i+1 = l__o ]
d

i+1 itip (i . ) ) i i
Ajyq = iR( a;+ ‘o x Pyt oy x(Cwp X i+1))

i+1 ] i+14 j i+14
+27 Wi X dip1 Zigr Hdi1 Zig
14




* Acceleration “Propagation” from Link to Link -5
|

o COM

‘ac, = tai+ fopx Pe+ fwp x (o x 'Pe)

C;: COM of the it link

15 ‘-‘

* Force Propagation from Link to Link -1
1

o Inertia force and torque acting at the COM

F; = mag,

Ciy . C;
Ni: lla)i+a)i>< lI(UL'




* Force Propagation from Link to Link -2

. - .
fi= iR fin+ 'Fi

i ipit+l i i i i ipi+l
N =iy R N+ N+ Py X Fi+ Py X iR figa

* Force Propagation from Link to Link -3
1

o Thus

+ Revolute joint
1= ian iZi
+ Prismatic joint
v = 'ff 7
o Comments

« Inclusion of gravity force: %a, = g = 9.81m/s

N+1 0 N+1

+ A manipulator moving in free space: Nyt =0

18 L‘

fN+1 =




* Iterative Newton-Euler Dynamic Formulation
|

o Outward iterations

¢ Link 1tolink n

+ Velocities and accelerations

o Inward iterations
¢ Link ntolink 1

+ Forces and torques

o Revolute joint vs. prismatic joint: Choose correct equations
o General structure, can be applied to any manipulator

o Easy for numerical computation ‘
19

* Example: A RR Manipulator -1
1

o Conditions:

mlr mZ
— O 0.. __ P4
Wy Vo = gYy
wo =0
Ci+t1 —Si+1 0
l _ . 0
i+1% = |Si+1 Cit+1
0 0 1




* Example: A RR Manipulator -2
|

o Velocity and acceleration propagations

0
0
O]

0
61

1a')1=1R/ + 3R %oxé?l 7, +6,2, =

a)l—oR/‘l‘éllZAl:éllZAJ_:

S1
ta; = 1R( ap + / /! /0 X (/ /51)) [—51 C1
0
1aC1 == a1+ (1)1)( 1PC1+ w1X(1w1X 1PC1 =
gsl 0 —l191 llgl +g51
- 951 + l 1,0, +9C1

0
0

9S1
9gc1

0
g]
0

1

0

.8

* Example: A RR Manipulator -3
1

.2
—myl160; +mygs,

1~ _ 1 .
F1 =m aCl m1l191 + mlgcl
0
0
1N1 = (74 1d)1 + 1(1)1 X (:/4 1(1)1 = [0]
0
0
2(1)2:%R 1(1)1+92 222: ) 0 )
6, + 0,
0
i, = 2R ', + %R 1601//92 22, +6,%2, = L0
6, + 06,
2(12 = %R(1a1+ 1d)1>< 1P2+ 1(1)1)((1(1)1)( 1P2)) ==
. .. .2
c; s 0 —11912 + gsq 1015, =11 01 ¢ + gs12
=Sz 2 0 LO1+gc |~ [l6ic, +14 91252 + gcC12
0 0 1 0 ;

-5




* Example: A RR Manipulator -4
|

Zacz = Zaz + zd)z X ZPCZ + 2(02 X ( 2(1)2 X ZPCZ)

. . 2
110,15, =11 61 c; + gsi2

L0 —1,(6; + 0)?
- l01c, +1 91252 + gCi2 T l2(910+ 02| + 8
0

. .2 . .
Myly615, — myli01 ¢y + Mygsi, — myly (61 + 6,)2
2F =m Za — . . 2 . o
2 C2 myl10,¢, + myl160, S, + mygcy, + myl, (64 +65,)
0

0
2N2 = CZI 2(1.)2 + 2(1)2 X CZI 20)2 = l()]

-5

* Example: A RR Manipulator -5

|
o Force and torque propagations

N
P
||

2R *f; + %F, = °F,

an = ZR/ / ZPCZ ZFZ 2P3 2R/3

— O

mzlllzczél + mzlllzszélz +myl,gcqi, + mzlzz(él 4 éz)
i=3R’f,+ '
(85)) —Sy 0

S, ¢ 0
0 0

. .2 . .
Myly5,01 — Mylicy01 + mygsi; — myly (61 + 6,)2

mzllczél -+ mzllszélz +my,gcip + mzlz(él + 92)
0

.2
-myl16; +mygs;

+ my 0, + myge

0

P




* Example: A RR Manipulator -6

=1R %n, + 1/(1 + ‘P, x 'Fy+ P, x IR *f,

0
— 0
mzlllzczél + mzlllzszélz + myly,gcq, + mzlzz(él + éz)
[ 0
+ 0

_m1l1251 +miligc
[ 0
0

_m2l1291 - m2l1l252(91 + 92) + mzllgSZSlz + m211l2C2(61 + 92) + mzllgCZC'lz“

-5

* Example: A RR Manipulator -7

o Joint torques

71

- w7,
.2 ..
—Mylil35,0, — 2mylily5,010, + mylygeg, + (mg + my)ligey

= an ZZZ

= mzlllzczél + m2l1l252912 + mylygcqp + mzlzz(él + 52)




* The Structure of Dynamic Equations -1
|

o The state-space equation
T=M(0)0 +V(0,0) + G(©)

nxXxl nxXxn nx1 nx1 nx1
Mass Centrifugal ~ gravity
matrix Coriolis

o Revisit the RR manipulator

M(0) = [lzzmz + 2L myc, + 12 (my +my)  Lim, + lllzmzczl
lzzmz + [ l,m,c, l22m2

.2 .o

. -myll,s,0, —2m,ll,s5,0,0

V(G'@):l 20162820, .2212212‘
mylil;5,0,

G(O) = [mzlzgcu + (my + mz)l1gc1]
myl,gcy;

.5

* The Structure of Dynamic Equations -2
1

o The configuration-space equation

T =M(0)0 + B(0)[006] + €(0)|6?] + G(0)

nx1l nxn nxn(n_l) nxn nx1
Mass C 'ZI' Centrifugal ravit
matrix oroflis entrifuga gravity
nx1
v VL
° . . . . . . . . 2 _ . 2 . 2 . 2
[GG] =[616;, 6165 .. 6,_16,]" [9 ] = [91 6, .. 0, ]
-1 nx1
n(nz ) X 1




* The Structure of Dynamic Equations -3
1

o Revisit the RR manipulator

V(G) @) _ -_mzl11252922 - 2mzl11252‘9.1‘9.2 =B(®)[®@] + C(@)[G)Z]
mzlllzszglz
B(©) = :—2m2011l252] [(;)@] — [9‘19'2]

N 0 —mzlllzsz] 201 91
(o) = [m2l1l252 0 [0?] = 9'22

* Lagrangian Formulation of Manipulator Dynamics -1
1

o Newton-Euler: Force-moment-based analysis

Lagrange: Energy-based analysis

o Of course, for a system, both methods should yield the

same equations of motion




* Lagrangian Formulation of Manipulator Dynamics -2
|

o Kinetic energy

1 1 e
k; = EmivCTivci + 5 AT ALY
= 1
k= ki k= k(0,6) = 50™M(0)6
i=1

o Potential energy

_ 0 T 0
U =-—m; g “Pc,t Upey,

Shift the zero reference height

VR

U; u=1u(0)
=1

.8

* Lagrangian Formulation of Manipulator Dynamics -3
1

o Lagrangian

£(0,0) =k(0,0) —u(6)

o Equation of motion for the manipulator

doL oL
dt9e 00
d ok 0k Jdu

dtoo 90 30 "




* Example: An RP Manipulator -1
|

Lei O 0
=0 15, o
0 0 Ly
Lz 0 0]
=0 5, o
0 0 Ly,

+ Kinetic energy

1 . 1 )
ki = Emllfelz +§Izzleiz

1 . . 1 )
k, = Emz(dgelz + d%) + 51222812

: 1 : 1 :
k(@, @) — E(mll% + IZZl + IZZZ + mzd%)elz +§m2d%

33

* Example: An RP Manipulator -2
1

+ Potential energy
u; = myglisin; + mygly

Uy = Mygd,Sind; + My gdomay

u(®) = (myly + mydy)gsind; + mygly + mygdymax

Shift the zero reference height

+ Lagrangian

ok _ -(mll% +lpp1 10 + mZd%)éll

6 i myd,
ok [ 0 |
00 ~ |m,d, 07

00 | m,gsin 64

ou _ 1(myly + mzdz)gC0591]

P




* Example: An RP Manipulator -3
|

+ Equations of motion
Ty = (1§ + Ipgq + gy + mpd5)6; + 2myd,0:d,
+(myl; + m,d,)gcos6,

T, = Mydy, — myd,0?7 + m,gsinb,

state-space representation
T=M(0)0 +V(0,0)+G6(0)

M) = [mll% Iy + 1y + myds 0

. O m,
V(6,6) = [2m2d2910522]
—m2d291
G(0) = [(m1l1r‘;m2f1229005911
295inu,

-5

* Manipulator Dynamics in Cartesian Space -1
1

o Dynamic equations

+ Injoint space
T=M(0)0 +V(0,0)+G6(0)
+ In Cartesian space
F =M.(0)X +V,(0,0) + G(6)

o Formulation
T =JT(O)F

F=JTt=]"TM(0)0+]TV(0,0)+]TG(0)

X=7J6 X=jO+J06 O=J1X-J7Y6

.5




* Manipulator Dynamics in Cartesian Space -2
1

F=JTT™(®) X -] T™™M(®)] Yo+ Tv(0,0) +JTG(8)
= M,(0)X + V,(0,0) + G,(0)

M, (0) =] T(@)M(©)]~1(0)
(0,0) =J7T(@)(V(0,0) — M(0)]1(0)/(0)6)

G,(0) =J~"(©)G(0)

P

* Revisit Example: A RR Manipulator -1
|
o Injoint space
M(0) = ’lzzmz + 2l;1,m,c, + llz(ml +m,) lzzmz + lllzmzczl
lzzmz + [ l,myc, [,"m,

.2 .o
V(@, @) _ —m2l1l25292 - 2m2l112829192

mzl11252g12

G(O) = [mzlzgcu + (my + mz)l1gC1]

myl,gcy; /\
l \




* Revisit Example: A RR Manipulator -2
|

o Jacobian

l152 O] -1 1 [ lZ 0 ]
®) = —
l1C2 + lz lz ] ( ) l1l252 _lch - l2 llsz

o In Cartesian space

J(©) =

M,(0) = 7" (@)M(8)]7'(6) = [mz ;SZ_; ’ ]

m;
7(0,0) =J7T(©)(V(0,0) — M(©)]1(0)/(0)6)

. 2 .2 Co . .
—(mylicy + myly)0; —myly0, — (2myly + mylicy, +myly 52_22)9192‘

. 2 ..
mylys,0; +myl;5,60:6,

C1
G,(0) = JT(0)G(0) = [mlg 52 7 ’”29512]
mpagcCi2

39 ‘-‘

* Torque Equation
1

o In Cartesian space
T =JT(O)F =]T(0)(M(0)X +V,(0,0) + G,(6))

T =JT(0)M,(0)X + B,(0)[00] + C(0)[0%] + G(6)

= J7(0)V,(0,0) = B,(0)[60] + €, (6)[67]

40 ‘-‘




* Revisit Example: A RR Manipulator
|

JT(0)V,(0,0) = B(0)[00] + C,(0)[6?]

_ I:llsz l1C2 + lz]
10 [,

.2 ..
myli5,0, + 1im,s,0,60,

—mlllz 2 _ mylil,s,
Bx(G) = S2
mylylys,
B 0 —mzlllzsz]
Cx(G)) B [mzlllzsz 0

. 2 . 2 C ..
—(mylicy + myly)0; —myl,0, — (2myly, + mylicy, + myly ) 22)9192
2

41 L‘

* Friction

|
o Viscous friction

Tfriction = co

o Coulomb friction
Tfriction — € sgnb
0 =0, ¢ = “static coefficient”

6 # 0, c = “dynamic coefficient”




! The End

o Questions?

¥ 4 i 4 ME5118 Chap 6 - +hift 3
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